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Introduction
The idea of general semigroups was developed by Anjaneyulu [1]. Saha defined I -semigroup as a generalization of

semigroup as follows. Various kinds of I"-semigroups have been widely studied by many authors [2-6].

In this paper we introduce and study the structure of B-insulator and strongly prime I -semigroups. In this paper many

important results of strongly prime ideals in semigroups have been extended to strongly prime ideals in I" -semigroups.

Prime and semiprime ideals of I"-semigroups

Definition 1.1: A subset A of a I" -semigroup S is said to be an m-system if A=gor if X,y € A implies<x>T"<y>N A
= ¢

Definition 1.2: A subset A of a I" -semigroup S is said to be an n — system if A=gorif X € A implies<x>T" <x>M Az
Lemma 1.3: Let S be a I" -semigroup. An ideal A in S is semiprime if and only if ACisann— system.

Proof: Suppose that A is a semiprime ideal and leta € A°. Then a ¢ A. Since A is semiprime<a>I" <a>¢ A. It implies

that<a>T"<a>M A® # ¢ sothat A® isan n - system.
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Conversely, suppose ACisann - system and leta ¢ A. We shall prove that<a>T" <a> A. Since ASisann - system.<a>
IF<a>N A° #¢.Put Zea>'<a>N A°.Sothat zea>I"<a>andZ & A. Hence <a>T"<a>¢ A. Thus, Aisa

semiprime ideal.

Definition 1.4: For any ideal Q of a I" -semigroup S, we define n (Q) to the set of elements X such that every n — system

containing x of S contains an element of Q.

Definition 1.5: Anideal Q in al” -semigroup S is said to be right primary if for any ideal U and V, U T" V implies U < m
(Q) or VeQ.

Theorem 1.6: Let S be a I" -semigroup for any right primary ideal P in S, the following are equivalent
Q) P is a prime ideal.
@iy  P=n(P).
(iii) P isasemiprime ideal.

Proof: (i)=(ii) Let P be a prime ideal then P<n (P) is obvious. On the other hand, let X € n (P) and suppose that X ¢ P .
Since P is prime, PCis an m-system and X € P . Then there exists an n-system N P¢ such that xeN. But N is
disjoint from P , therefore X ¢ n (P), which is a contradiction. Hence X € P, so thatn (P) < P

(ii) = (iii) is obvious.

(iii) = (i) Suppose that P is a semiprime ideal. We have to prove that P is a prime ideal. Let U and V be any ideal in S
with U I'V < P. Since P is primary, U T'V < P implies that U < m (P) or V < P. Since P is a semiprime ideal, P =
m (P). Hence, U cPorV < P. Thus P isaprime ideal in S.

Theorem 1.7: For any ideal P inS, P is prime if and only if P is primary and semiprime.

Proof: Suppose that P is a prime ideal. We have to prove that P is primary. Let U and V be any ideal in S such that U
'V < P.Since Pisaprimeideal, U < n(P)or V < P by theorem 2.6. Now our claim is that n (P) < m (P). Let X €
n (P) and S be any m — system containing x. Since is any m — system is an n — system, S is an n — system containing x. Since
X € n(P), Smeets P.Hence X € m (P)and therefore U < n(P)or V < P impliesthat U < m (P) or V < P. Hence

P is a primary ideal. Since every prime ideal is a semiprime ideal, P is semiprime and hence primary ideal.
Conversely, suppose that P is primary and semiprime ideal. By theorem 1.6, P is a prime ideal.

Strongly prime I" -semigroups
Definition 2.1: Let S be a I -semigroup. Let S is said to be semiprime if O is a semiprime ideal. S is said to be prime if

(0) is a prime ideal.
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Definition 2.2: Let S be a I"-semigroup. If A is a subset of S, we defined a right ¢ -annihilator of A to be a right ideal

r,(A)= {meS/ Aam=0}

Definition 2.3: Let S be a I"-semigroup. If A is a subset of S, we defined a left ¢ -annihilator of A to be a left ideal
I, (A)={meS/maA=0}

We adopt the symbol S” to denote the nonzero element of S.

Definition 2.4: A right /3 -insulator for ae S™ is a finite subset of S, M, (@) suchthat 1, ({fasc/ce M, (a)})=(0),

forall ¢ el

Definition 2.5: A left 3 -insulator for a€ S” is a finite subset of S, M () such that 1, ({cBa/ce M ,(a)})=(0),

forall ¢ el

Definition 2.6: A I"-semigroup S is sad to be a right strongly prime if for every # € I, each non zero element of S, has a
right /3 -insulator, that is for every S el andaeS’, there is a finite subsest M , (@) such that forb € S . {afcab/c e
M ,(a)}) =0, forall & € 'implies b=0.

Definition 2.7: A I"-semigroup S is sad to be a left strongly prime if for every 5 € ", each non zero element of S, has a left
B -insulator, that is for every feT andae$S’, there is a finite subsest M ,(@)such that forbe S {bacsalce
M ,(@)}=0, forall o eT'implies b=0.

Definition 2.8: A T -semigroup S is sad to be a left weakly semiprime I" -semigroup if [x, I" ]0 for all x20<S.
Definition 2.9: A T" -semigroup S is sad to be a right weakly semiprime I -semigroup if [I", x] #0 for all x=0&S.
Definition 2.10: A I -semigroup S is sad to be a weakly semiprime I -semigroup if it is both left and right weakly

semiprime.

Theorem 2.11: Let S be a I -semigroup with D.C.C on annihilators then S is prime if S is strongly prime.

Proof: Suppose that S is right strongly prime. To prove S is prime, let a,b e S such that @ #0 andb # 0. Since S is right
strongly prime, for every ST, there exists a right p-insulator M (@) for a. Thenr, ({afc/ce M (a)}) =0,
Va,pel. sinceb=0,begr,({ac/ce M,(a)}). Va, BT, there exists a, el such that afcab =0
where C € M ,(a). Hence S is prime.

Conversely, suppose that S is prime. We have to prove that S is right strongly prime. Let S S™and consider the collection
of right « -annihilator ideals of the form 1 ({Sph/n e 1}),Va, B T where I run over all finite subsets of S containing

the identity. Since S satisfies the d.c.c. on right annihilators, choose a minimal element K. If K {0}, we can find an

element @ € K such thata = 0. Since S is a prime I -semigroup, it follows from 2.6 theorem, that there existsb € S,
s)psa=0,for y,6el.
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Let |'be a finite subset of S containing the identity and b. Since, spsa=0, ag¢r, ({sph/nel}), a contradiction.
This forces that K ={0}. Thus, s has a right p-insulator V3 € T". Since s € S’ is arbitrary, every element of S has a right

B-insulator VS € T". Similarly, every element of S has a left B-insulator VS €I". Hence S is a strongly prime I -

semigroup.

Definition 2.12: Let S be a I" -semigroup. A left ideal | of S is said to be essential if | M J # Ofor all nonzero left ideals J
of S.

Definition 2.13: The singular ideal of a I" -semigroup S is the ideal composed of elements whose right a-annihilator for each

a €1'is an essential right ideal.

Theorem 2.14: If S is a strongly prime I -semigroup having no zero devisor, then singular ideal is zero.

Proof: Let S is a strongly prime I"-semigroup and A be a singular ideal. Suppose that there exists an element a € Asuch

thata=0. Let M (a) be a right p-insulator for a. Since A is an ideal,afbe A, VbeM,(a). Now
r,({apo}) ={xeS/(app)ax=0} implies thatapbax=0,Vxer, (afb),beM,(@). Then afba
r,({apb}) =0. Hence, afba [, ({a40})]=0. Since A is singular, 1, ({a/5b}) is essential for allb € M ,(a).

We know that the intersection of finitely many essential right ideals is nonzero. Since Mﬁ(a) is finite,

ﬂbem,,(a) r,({afo}) #0. Hencer,({apb/beM ;(a)}) =0, which is a contradiction to the /3 -insulator M ,(a).

Consequently A=0.

Definition 2.15: Let S be a I -semigroup. Let us define a relation p on SXI as follows: (X, &) p(Y, B) if and only if
Xas=Yypfs forall S€S and X =B for ally €I'. Then pis an equivalence relation. Let [X, ] denote the
equivalence class containing[X,]. LetL={[X,a]:XxeS,aeI'l}. Then L is a semigroup with respect to the

multiplication defined by[Xx, ] [y, B]1=[Xay, ]. This semigroup L is called the left operator semigroup of the I -

semigroup.

Theorem 2.16: If S is a right strongly prime I" -semigroup, then the left operator I" -semigroup L(R) is right strongly prime
I -semigroup.
Proof: Suppose that S is right strongly prime 1" -semigroup. To prove L is right strongly prime I" -semigroup, it is enough to

prove that every nonzero element in L has a right insulator. Let \U; [X;, ;] # 0 € L. Then there exists X € S such that
U, [X, o ]x# Othatis\; Xa, X # 0. Since S is right strongly prime, for every 8 € ', there exist an /3 -insulator for U,
Xa;X say itM , ={a,,8,,.....,a,}. Thenr, ({u; xaxpc/ceM  })={0},Va,B €T . Hence foranyse S, (U
xaxX)paas=0Va,pfel’, a4 eM;=s=0(*. Now fixa,fel', consider the collection

M s ={[xBa,, a],[xfBa,,al....[Xfa,, c]}. We shall prove that M s is an insulator for [X., ¢z, ]. It is enough to prove
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that Ann({[x., I’/ ¢’ € M 4}) ={0}. LetU, [X, ] € Ann({ Y, [%,a;]c' /¢’ € M 5)}={0}. Then
U X o lxpa, al v ly;, 4;1=0,vk.  we claim thatu; [y;,5,1=0. Nowy; [X,][XBa, a] v,
[y, B;1=0,Vk impliesthat U; [y;, B;] s=0,VseS. Therefore U, [X, o 1[xpa,, ] v [y;, £;165).

ie, U [Xaxpa,,al u,; y;B;s=0.

ie, U [xaxBaa] vy, B s=0.

By (*),; ¥; 8570 ie, Y[y, B;] s=0,VseS. Hence, U;[y;,f;]=0. Since U, [X,] #¢ is arbitrary,

every nonzero element in L has a right /3 -insulator. Similarly, if S is left strongly prime, then every non-zero element of R

has a left £ -insulator. Thus, L is right strongly prime, and R is a left strongly prime I"-semigroup.

Theorem 2.17: A T"-semigroup S is weakly semiprime then S is strongly prime and only if its left operator semigroup L is
right strongly prime and its right operator semigroup R is left strongly prime.

Proof: Suppose that L is a right strongly prime I" -semigroup. In order to prove that S is a strongly prime I" -semigroup, we

shall prove that for every 2 € I", every non-zero element in S has a right /3 -insulator. Let X=0€S; eI .SinceSisa

left weakly semiprime I" -semigroup, [X, ] 0. Since L is right strongly prime, there exists a right insulator M ([X, £]) =
UlalYjo X3 ] Tk =12,.......,s}or[x, B]. Then Ann({[x, Blc/c € M([x,T'])}) ={0}. Therefore, for any

U.lz, 81 L[x BIULL Y. 85U [z, 6,1={0} . forall k =1,2,......,s implies that U,[z,,6,1=0.(**)

Consider M 4 :{yjkﬂij/ j=12,....,n;k=12,.....,S}. We now claim that M s isa /3 -insulator for x. It is enough to
prove that for each. Letyer, ({xAc/ceM s}),Va el then XYy B X))y =0,Vaelandk =1,2,.....,s.
Therefore [X,Byjkﬁjkxay, I'N=0,Vael' adnd k=12,....,S. Hence [Xﬂyjk ,,Bjk][xay,r] =0,Va eI and
k=12,....,s that is [x BllY;.B;l[xay,[1=0,Vaelandk=12,...,s, so that[x, SIU} [V;.B;]
[Xay,I']=0,Va eT"andk =1,2,.....,5. From (**), we have[Xay,I']=0,Va €T, so that xay =0,V € T". Since
S is faithful L\ R bimodule, we have y=0. Since X#0 &S is arbitrary, for every € I", every non-zero element in S has

a right /3 -insulator. Hence S is a right strongly prime I -semigroup. Similarly, if R is a left strongly prime I"-semigroup

then S is a left strongly prime I -semigroup. Converse part follows from Theorem 2.16.

Proposition 2.18: If S is strongly prime 1" -semigroup, then S is weakly semiprime I" -semigroup.

Proof: Suppose that S is strongly prime I'-semigroup. We shall prove that S is a weakly semiprime I'-semigroup. Let

X#0€S . Itis enough to prove that [X,I"] # 0 and[I", X] = 0. Suppose that[x,I"] = 0. Since S is a strongly prime T -
semigroup, for every /3 € I" there exists a finite subset M ;(X) such that for b € S,{xfcab/ceM ,(x)}=0,Va eI’

implies that b=0. Now XScaX =[x, S]cax=0cax=0,Va, f €l Hence x=0, a contradiction. Thus, S is a weakly

semiprime I -semigroup.
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