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ABSTRACT

In this article, we investigate the asymptotic behaviour at infinity of the generalized Mellin-Whittaker transform of
the form.

MW, (k,m)" p £1(s,y) =1, 070 ([, 0700 x7 (s = D)™ (=yt /2 ([(yt)] " )] W, (k, m) (yt) f (x,t) dxd

Involving the Whittaker function Wy n () inthekernel. It is proved that [MW/ (k, m)™ p f](s,y) has power or power

logarithmic asymptotic expansion as S — oo and Y — oo provided that f (x,t) has power asymptotic behaviour at infinity.
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INTRODUCTION

Extension of some transformations to generalized functions have been done from time to time and
their properties have been studied by various mathematicians. Number of double transformations have been
developed by many mathematicians like Fourier-Hankel transformation', Mellin-Whittaker transform® etc.
In’ and® we have investigated the properties and inversion for Mellin-Whittaker transform and fractional
Mellin-Whittaker transform.

Now in this article we have investigated the asymptotic behaviour at infinity of the generalised

Mellin-Whittaker transform for the special casep=1,q=1and p=m -% and of the form —

P _ 00 00

['V'Wk,mf](& y)—]0 jo f(x, DK (x,t,5,y) dxdt, (LD)
where the kernel K?_(X,t,s,Yy) = xs-1@~(t/2)(y)P Wi m (yt) f (x.t) dxdt

On asymptotic expansion of generalized mellin-whittaker transform MW/, at infinity

Using the asymptotic behaviour of the Kummer and Tricomi functions” at infinity, we have the
following asymptotic estimate of the Mellin-Whittaker function, for any fixed x > 0.
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K(xt,5,y)=0[(x] 'se?((-t)/2)t"Rek) as s — oo and t — oo

In a series of papers’” Handelsman and Lew have developed a theory which yields asymptotic
expansion of integrals of the form.

14)= [ [9(&) T (4€)]d¢, when 2. — o0

For our purpose we take integrals of the form —
1s,y) = [ 90.&)f (i, y&) dnde, 2])
when s — wand y —

Mellin-Whittaker transform as per equation (1.1) is —
[Mwy, £ ](s,y) = j j xs-le-ni200e W, | (yt) f (x,t) dxdt .22

If we set X =An and t = y& in (2.2) then we obtain —

y2£ )

W, fls.y) =5ty [ [P goe Ul ey fomye angg )

This integral is given by (2.1) with

¢ )

g(n, &)= y(y2€)e e‘( W, o (¥2€)

Hence we can apply the method developed in’.

We first note that under suitable conditions on f (x,t) as per’ the Parseval relation for Mellin
transform can be used.

MW, (k,m)" p f1(s,y) =1/27i A's[ 070 ] (c—ic0)"(c+iw0) 7' (s—1) Y (~2)M[f,z]M[g,1-z]f
1 C+ico
= Z—ﬂijc_iwy—zM [f,s]M[f,z]M [g,1-z]dz

1 C+ioo
= z—ﬂijc_iwy—zlvl [f,s]M[f,z]M[g,1-2]dz

has the form,

1"Lo+m+3/2 Zl"bo m+3/2 ))

T(o-k+2+2)

wie, flis )—ij” “IM[f,5]M [f,2] 2.4)
k,m )Y _2ﬂi y N R

for the transform (2.3). Here

F(p+m+1/2+zl"(p—m+1/2+z))

M[g,z]=y!22 F(p—k+2+z) ...(2.5)
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represents the Mellin transform of g(t) evaluated at z, and the contour of integration is a Bromwich
contour in the common domain of analyticity of M [f, s], M [f, z], M [g, -z] and for simplicity,we assume that
M [f, z] exist in the ordinary sense. In the case S — o and y — oo the desired expansion is obtained by
displacing the contour in equation (2.4) to the left by using the fact that M [f, s] converge absolutely in
—a <Res <-— b where a and b are the real numbers given by —

a=sup {r:fx)=0x"asx—0-+}

=inf{s:f(X)=0(x")asx — 0 + o0}

1"(p+m+3/2 ZI"La m+3/2 Z))

T(p-k+2-2)

and M [f, s] and is analytic in the half plane

Res < -b and Rez < min {Re[(3/2+ p +m)}Re[(3/2 + p—m)))} respectively.

Thus to calculate the resdue series, we need only analytically continue M [f, s] and M [f, z] into the
left half —

Res < -b and Rez < min {Re[(3/2+ p +m);Re[(3/2+ p—m)))} as ameromorphic function :
f(x,t)~ D AxaBt’, Re(a),Re(b;) T oo ...(2.6)
i,]=0
Then M [f, z] and M [f, s] has simple pole at the points

s = aj and z = -bj and its Laurent expansion near these poles have singular parts

B.
A and —
S+a, z+b;

2.7

It follows from equations (2.4) and statement (2.7) and the assumption that we are justified in
displacing the Bromwich contour in equation (2.4) arbitrarily far to the left and calculation of the residue
series gives us the next result.

Theorem: Let function f (X, t) be locally integrable on (0, «) and satisfy equation (2.6). Then the

integral transform [MWk’fm f ks, y) has asymptotic expansion, as S — o and Yy — oo.

MWz, f ](5 y) ~ ZAISal By~ F (p+ m +li/(j‘_k’jkr+(;__brj+ 3/2_bj D
J

i,j=0
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