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ABSTRACT

Some chemical indices have been invented in theoretical chemistry, such as Randic index
and geometric-arithmetic index. In this paper, by virtue of strict mathematical deduction,
we present the general Randic index, general geometric-arithmetic index and third
geometric-arithmetic index of fan molecular graph, wheel molecular graph, gear fan
molecular graph, gear wheel molecular graph, and their r-corona molecular graphs.

KEYWORDS

Theoretical chemistry; Molecular graph; General randic index; General geometric-
arithmetic index; Third geometric-arithmetic index.

© Trade Science Inc.



mailto:gaowei@ynnu.edu.cn

11280 General randic index and geometrix-arithmetic related indices of certain special molecular graphs BTAIJ, 10(19) 2014

INTRODUCTION

Geometric-arithmetic index, Randic index and other chemical indices are introduced to reflect certain structural
features of organic molecules (See Yan et al.,!, Gao and Shi ?, Gao and Wang &, and Xi and Gao ¥ for more detail).
Bollobas and Erdos!™ introduced the general Randic inde, i.e.

R.(G)_ WEZE(:@ (d(u)d(v))*

where d(u) denotes the degree of vertex u in molecular graph G. Li and Liu® determined the first three minimum
general Randic indices among trees, and the corresponding extremal trees are characterized. Liu and Gutman [ reported
several novel estimates of the general Randic index and of its special cases— the ordinary and modified Zagreb indices.
Eliasi and Iranmanesht® defined the ordinary geometric-arithmetic index (or, general geometric-arithmetic index) as follows:

[2\/d(U)d(V)]k

OGA (G) _wégs) d(u)+d(v) ,

wherek isarea number.

Let e=uv be an edge of the molecular graph G. The number of edges of G whose distance to the vertex u is smaller

than the distance to the vertex v is denoted by m, (€) . Analogously, m (€) is the number of edges of G whose distance to
the vertex v is smaller than the distance to the vertex u. Note that edges equidistant to u and v are not counted. Zhou et a., [9]
proposed athird class of geometric-arithmetic index:

2,m,(e)m, (€)

GA(G) _ewee(c) M, (e)+m,(e) _

Let P, and C, be path and cycle with n vertices. The molecular graph F,={v} V P, is called a fan molecular graph
and the molecular graph W,={v} V C, is called a wheel molecular graph. Molecular graph I,(G) is caled r- crown molecular
graph of G which splicing r hang edges for every vertex in G. By adding one vertex in every two adjacent vertices of the fan
path P, of fan molecular graph F,, the resulting molecular graph is a subdivision molecular graph called gear fan molecular

graph, denote as Fy . By adding one vertex in every two adjacent vertices of the wheel cycle C, of wheel molecular graph

W, The resulting molecular graph is a subdivision molecular graph, called gear wheel molecular graph, denoted as W, .
In this paper, in terms of definitions and molecular graph structural analysis, we present the general Randic index of

L (F“), If(W"), I (F,) and I (W) . Also, the general geometric-arithmetic index and third geometric-arithmetic index

of I'(F“), If(\/\/f‘), I(F,) and L (W) are derived. These results are new and illustrate the promising application
prospects for biology and chemical sciences.

GENERAL RANDIC INDEX

Theorem 2. Re (I (F) r(n+1)*  2((n+r)(2+1))* +(n=2)((n+1)(3B+T))"

L2AAT)EHN)) +(N=3)(B+1)*, 2r(2+1) +(n=2)r(3+1)*

2 r
Proof. Let Py=v;v»...Vv, and the r hanging vertices of v; be V'l v v (1S i< n). Let v be a vertex in F, beside

R, (I (R))

2
Py, and ther hanging vertices of v be Vl, Vo 4 . By the definition of general Randic index, we have

r n n-1

Y (d@dE ) D mdm)* Y [d)dv,))" 33 (dW)d)"

= i=1 +i=1 + i=1 +i=1 j=1



BTAIJ, 10(19) 2014 Wei Gao et al. 11281

_r(n+n)*, 2((n+1)(2+1)) + (n=2)((n+1)(3+T))*)
L2@+)EHN) +(N=3)(B+r)B+1)) L (2r(2+1) +(n=2)r(3+r1)") 0

Corollary 1. Re(F) 22(20)* +(n-2)(3n)* , 2-6" + (n—3)-3*

Theorem 2. R“ (I r (\N")) = I’(I’H— r)k + n((n+ r)(3+ r))k+ n(3+ r)2k + nr (3+ r)k.

2 r
Proof. Let C=vyVs...v, and V'l v v be the r hanging vertices of v, (1S i< n). Let v be a vertex in W, beside C,,, and

2
Vl, Vo, 4 be ther hanging vertices of v. By the definition of general Randic index, we infer

T ACULID SN LIS NS ALY

_r(n+r)* , n((n+r)3+1))<, n((B+r)(B+r))*, nr(3+ r)"_ 0

R, (W,) _n(3n)*, n.3%

corollary 2.

Theorem 3. R, (I, (F,) _r(n+ N 2((n+r)2+) +(n=2)((n+r)3+r)* ,(n=2r(B+1)",

2(2+1)* +2(n=2)((B+r1)(2+1)* (N+Dr(2+1)"

V. . . r ’ ! .
Proof. Let P=viV,...v, and “*1be the adding vertex between v; and vi,;. Let V'l Vi Vi be the r hanging

VLV v, V.,
vertices of v; (1=5i<n). Let i+t ThiL li+lpe the r hanging vertices of *! (1=i=n-1). Let v be a vertex in F,

2
beside P, and the r hanging vertices of v be Vl, Vo 4 . By virtue of the definition of general Randic index, we get

T EMAV) 3 @A) DY ANt S dodw,.)

Ra(lr(lfn))zi:l + i=1 + =1 j=1 + i=1 +
S, a ) S E,)de )

_r(n+n)*, 2((+1)2+1) + (n=2)((N+1)B+1))), (2r(2+1)* +(N=2)r(3+1)*) ,
((@+r)2+r)" +(N=2((B+1)(2+1)") L((R+T)2+ 1) +(N=2)((3+1)(2+1))") , (n=Dr(2+1)* 1
R, (F,) Z2(2n)* +(n-2)(3n)* , 2: 2% +2(n—2) - 6*

Corollary 3.

rheorem &, R () _r(n+0) (0@ ) @40t 2n(@+ )@+ 1), @+
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. . V.. . 2
Proof. Let C,;=v1Vs...V, and v be a vertex in W, beside C,,, '*! be the adding vertex between v; and v;,,. Let Vl, v

r
.. V' bether hanging vertices of v and Vl V ..... Vi bether hanging vertices of v; (1=i<n). Let Vonea 2 Vin and Vﬁ”l,
2 r
Vi Min be the r hanging vertices of Viia (1=i=n). Inview of the definition of general Randic index, we deduce
\ iwk KON\ iV\k
Ly 2EOA) Y @mdm) XY (d)d) Z(d(v)d(v..+1»
R.(ILW)) _= = Lo Lo

Z(d( A" ii(d(vm)d(vjm))k

_r(n+n)  n((n+n)@+n) , nr@+r)*  n((B+r)(2+1)*  n((B+r)(2+r))*, nr(2+r)" [
Corollary 4. R“(W”)zn(:)’n)k+2n'6k,

GENERAL GEOMETRIC-ARITHMETIC INDEX

The terminologies for these special molecular graphs similar as Theorem 1- Theorem 4.

2\/(n+r)(3+r1)

2A/N+r ( (n+r)(2+r)

Theorem 5. QCAI (F)) r(n+r+1) 0 N+2r+2 V- s )
2(2 (2+r)(3+r))k+(n_3) 2r(2\/2+r)k+(n—2)r(2\/3+r)k
+ 2r+5 + r+3 r+4 =
Proof. By the definition of general geometric-arithmetic index, we have
z(zw/d(v)d(v Z(2 d(V)d(v) Z(2\/0|(V)0|(V.+1
OGA(I, (F)) .= d(v)+d(v) Lo dv)+d(v) T T d(v)+d(v +1)
Zw/d(v)d(v)
Zlg(d(VHd(V))
2\/n+ < (2 (2 (n+r)(2+r))k+(n_2)(2«/(n+r)(3+r))k)
- n+r+1 + n+2r+2 n+2r+3
(2(2\/ 2+r)(3+r 3)(w/(3+r)(3+r)) (2r (\/2+ Y+ (n—2)r 2\r/i3r;r K !
2J— J_ J_k
n-2 -3
CoroIIary5.OGA<(F") +n )( + S i ).

r(Z\/n+r)k n(2 (n+r)(3+r))k r(2_\/3+r)k
TheoremG_OGAk(Ir(an»: n+r+1 4 n+2r+3 +Ny r+4 =

Proof. By the definition of general geometric-arithmetic index, we have
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z(zw/d(v)d(v Z(2\/d(V)d(v) Z(2\/0|(V)0|(V.+1
OGA (I, (W,)) _ d(v)+d(v) Lo dv)y+dv) T L= d(V)+d(v+1)

zz(zq/d(v)d(v ))

i1 j-1 d(v,)+d(v')

2\/n+r X 2«/(n+r)(3+r \/(3+r)(3+r )

- n+r+1 + n+2r+3 + + r+4 = [

NEAED
OGAW,)_ " n+3 +N.

Corollary 6.

2n+r ) ( n+r)(2+r))k+(n_2)(2 (n+r)(3+r)

Theorem 7. OCAU () _ st L n+2r+2 neor+3

24347 (3+r)(2+r) 2\2+r

Hn-2r By 20202 F a2y

)k

Proof. By virtue of the definition of general geometric-arithmetic index, we get

2.Jd(v)d(v) Z(Z/d(v)d(v) zz(21/01(\/)01(\/

OGA (I, (F.) _ Z(d(v)+d(v) d(v)+d(v) " == d(V)+d(V)

a/d(v>d(v..+l) nzl(zx/d(v..ﬂ)d(v.ﬂ 212 2d(%,;,)d(v))

d(V)-i-d(VHl) d(V |+l)+d( |+1) i=1 j=1 d( ||+1)+d(vl )

+|l

2\/n+ <@ (2 (n+f)(2+r))k+(n_2)(2\/(”+r)(3+r))k)

= n+r+1 + n+2r+2 n+2r+3

2\/f ‘(- 2\/3+ 23y, ((«/ 2+r)(2+r Py \/(3+r)(2+r)) )

(2(

«—“2*?(22”’) (-2 (3”)‘2”)>>( )(—fo)k i

e 24200 —2)(2—@

Corollary 7.

Theorem 8.OGA<(IV(Wf‘)):

(AN AOEN@E 2B ) nr(

n+r+1 + n+2r+3 + r+4 ° 4 2r+5 + r+3

2\J(B+r)(2+71) 2N2+r1

11283
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Proof. In view of the definition of general geometric-arithmetic index, we deduce

z(zw/d(v)d(v Z(2\/d(v)d(v) Zz(Zx/d(V)d(v

OGA(I, W) .5 d(v) + d(V) LI dW+dv) T T3 d(V)+d(V)

a/d< WAV o sz Y 2d(v,.)d07,),,

d(V)+d( |+l) i=1 d(||+1)+d( +1) '1 j=1 d |+1)+d(V] )

i+l

BTAIJ, 10(19) 2014

zmk ( n+r)(3+r))k nr(2\/3+—r)k n(z (3+r)(2+r))k n(z (3+r)(2+r))k

- n+r+1 + n+2r+3 + r+4 = . 2r+5 + 2r+5
2\/2+
r+3 ,D
2J_ 26

2 _k
CoroIIarySOGA<(W) ( + " 3) ) .

THIRD GEOMETRIC-ARITHMETIC INDEX

+

Using the definition of third geometric-arithmetic index, we get the following computational formulas. The proving

tricks are similar as Theorem 1- Theorem 4. We skip the detail proofs.

Theorem 9.

aJ@n+nr —r —4)(r +) .\ 4J(2n+nr —2r —4)(r +2) .
GA(Il, (F)) 2 2n+nr -3 2n+nr—r-2
(n-4) 2/@n+nr —2r -5)(r +2) 4/(r+)2r+3 : 4/ +2(2r +3 (-2

2n+nr—-r -3 + I+4 4 +5

2r(n+Dv2n+r+nr -2
+ 2n+r+nr-1
a/2n-4 +4\/n—2 4 2,/2(2n-5) B 4[

Corollary 9. G%(Fn)z 2n-3 n-1 2n-3 4 '

2n(r +2)(2n+nr —2r -5) 2r(n+DvV2n+r +nr—1
Theorem 10. GA (I, (W) 2n+nr—r-3 +Ny 2n+r+nr

2n,/2(2n-5)

Corollary 10. GAM) . 2n-3 ,n

4@ +1)(2r +3n-2r -5) . (6n—8)y/(3 +2)(2r +3n—3r -7)
Theorem 11. GA3(|r(Fn)): 2nr +3n-4 2nr +3n-5
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4nr«/3n+2nr —3
+ 3N+2r-2

~ 4\/3n—5+(6n—8)1/2(3n—7)
Corollary 11. GA(R) . an-4 3n-5

6n/(3r +2)(2nr +3n—2r —5)  2r(2n+1)v/2nr +3n+r -1

Theorem 12. G%(Ir(wn))z 2nr +3n+r -3 + 2nr +3n4+r

6n,/2(3n-5)

Corollary 12. GAW,)_ 3n-3

CONCLUSION

In this paper, we determine the general Randic index, general geometric-arithmetic index and third geometric-
arithmetic index of fan molecular graph, wheel molecular graph, gear fan molecular graph, gear wheel molecular graph, and
their r-corona molecular graphs. The genera Randic index, general geometric-arithmetic index and third geometric-
arithmetic index of more chemical structures should be considered in the future.

ACKNOWLEDGEMENTS

First, we thank the reviewers for their constructive comments in improving the quality of this paper. This work was
supported in part by NSFC (no. 11401519). We also would like to thank the anonymous referees for providing us with
constructive comments and suggestions.

REFERENCES

[1] L.Yan, Y.Li, W.Gao, J.Li; On the extremal hyper-wiener index of graphs. Journal of Chemical and Pharmaceutical
Research, 6(3), 477-481 (2014).

[2] W.Gao, L.Shi; Wiener index of gear fan graph and gear wheel graph, Asian Journal of Chemistry, 26(11), 3397-3400
(2014)

[3] W.Gao, W.F.Wang; Second atom-bond connectivity index of special chemical molecular structures, Journa of
Chemistry, Volume 2014, Article ID 906254, 8 (2014).

[4 W.F.Xi, W.Gao; Geometric-arithmetic index and Zagreb indices of certain special molecular graphs, Journal of
Advances in Chemistry, 10(2), 2254-2261(2014).

[5] B.Bollobas, P.Erdos, Graphs of extrema weights, Ars Combin., 50, 225-233 (1998).

[6] B.Li, W.Liu; The smalest Randic index for trees, Proc. Indian Acad. Sci. (Math. Sci.), 123(2), 167-175 (2013).

[71 B.L.Liu, I.Gutman; Estimating the Zagreb and the general randic indices, MATCH Commun. Math. Comput. Chem.,
57, 617-632 (2007).

[8] M.Eliasi, A.lranmanesh; On ordinary generalized geometric-arithmetic index, Applied Mathematics Letters, 24, 582-
587 (2011).

[9] B.Zhou, I.Gutman, B.Furtula, Z.B.Du; On two types of geometric-arithmetic index, Chemical Physics Letters, 482,
153-155 (2009).



