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ABSTRACT

By constructing a kind of self-affine fractal, contracting similarity fixed point of this kind
of fractal is studied. The paper introduces the basic concept of the self-affine fractal, and
compares it with the self-similar fractal to show their connection and difference. Then the
paper introduces the definition of the contracting similarity fixed point and shows the
application and importance of it. Through the mathematical model depiction of self-affine
fractal, combined with the newly-defined eigenfunction, the paper gives the contracting
mapping function of contracting similarity fixed point. Based on the contracting mapping
function, the paper shows the formula of the contracting similarity fixed point of the self-
affine fractal. As an application, the paper finally presents two relevant examples.
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INTRODUCTION

At present, theory of fractal geometry is widely applied in many areas of research by many
scholars. Fractal geometry not only provides a new angle of view for many research areas, and to a
certain extent, reveals the laws and characteristics of the nature!™?*. The successful study of fractal
geometry is graphs of self-similar fractal geometry and the corresponding application. However, the
situation of self-similar fractal geometry is uniform expansion or the same ratios of expansion and
compression in all directions. So, when the object does not satisfy the conditions, self-similar fractal
geometry can not be used in research™®®!,

Affine geometry can be traced back to Euler period, Snapper described affine geometry as:

roughly speaking, the study of affine geometry is the study of Euclidean geometry when the length, area,
angle and so on are removed as much as possible. People may think the affine geometry is a poor
subject, on the contrary, it is quite rich. Theory of iterated function system is an efficient mathematical
tool for the study of the properties of self-affine fractal. Iteration function system is defined on the basis
of compression mapping, it is the most vibrant method for applying theory of fractal geometry to the
graphics processingm. Iteration function system is a kind of creative method for the study of fractal
geometric graphs. The system can carry out mathematical modeling of a complex graph through
similarity transformation or affine transformation. The main contents of the system are compression
mapping, metric spaces, as well as the measure theory and so on.
Self-similar fractal is an important research area of fractal geometry. In non-linear fractal, self-affine
fractal is the closest one to linear fractal, so Mandelbrot originally classified them as the same group.
Complex irregular phenomena of nature are mostly self-affine fractal rather than simple self-similar
fractal, so self-affine fractal is very useful®®? Self-affine fractal can better reflect the complexity and
diversity of nature than self-similar fractal, so the content and expression form of the former are much
more complex.

Self-affine set is one important set of fractal geometry, in which self-similar set is a special case.
The difference between self-affine transformation and self-similar mapping is that self-affine
transformation has different ratios of expansion and compression in different directions™!. Affine
transformation may be translation, rotation, expansion and compression and even the combination of the
reflection.

Affine is non-uniform linear transformation, while similarity is a homogeneous linear
transformation, which is a special case of the affine. Therefore, in the study of fractal geometry, the
uniform linear fractal --- self-similar fractal is generally called linear fractal, and the rest are called
nonlinear fractal®*3,

Self-similar fractal is the basis of the study of nonlinear fractal, and the special case of nonlinear
fractal is self-similar fractal. Strict linear fractal is strictly self-similar, that is there is an infinite nested
mathematical structure®* >l In nonlinear fractal, the self-affine fractal is closest to linear fractal.
Therefore, the research of nonlinear fractal are generally based on linear fractal, and the self-affine
fractal is a breakthrough.

The paper mainly studies contracting similarity fixed point of self-affine fractal which is based
on the Sierpinski gasket. By defining the self-affine fractal on R* and combing with the newly-defined
eigenfunction, the paper gives the contracting mapping function of self-affine fractal?”). With the
contracting mapping function, the paper shows the formula of the contracting similarity fixed point of
the self-affine fractal. As an application, the paper finally presents two relevant examples.

As the main result of the paper, we have

Theorem
If ii,---i, € J,, the contracting similarity fixed point of a class of self-affine fractal can be

described as the following formula:
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B — L, -DA-r)r -1, ,———— D|1rr~-r..
(2(1 : Z“(k =B 6o : Zkl (i )A=r ) -1 )
SOME DEFINITIONS
DEfiNITION!!
Ir E eR". DENOTE d(R, P,) BY
|R=P [, VR (X, y), R(X,y)€E. 1)

Definition™!
Let EcR" be closed. A map S,:D— D is called an affine compression mapping, if I, (
0 <r, <1) exists in the following formula such that

S-SV =h[x=yl|, Vx,yeD. )

Definition/”
If {S],m,Sn}is an iterated function system (IFS), the set E satisfies the open set condition (
OSC). If there is a bounded nonempty open set V such that

" S(V)CV . 3)
Denote by J,, the set of all n—sequences {il,iz,---,in},where 1<i,by,-,1, <3, n>1.,
Put
E,... =S, 05, 008 =X. 4)

Coding system of copies at various levels of a set of a class of self-affine fractal are creatively
presented in this paper. By using the newly-coded digital system, the paper can depict the changes of the
three different directions of self-affine fractal copies at any levels. According to the newly-found
contracting mapping function of self-affine fractal, combing with the related theorem and conclusion,
the paper concludes the unified formula of contracting similarity fixed point of a class of self-affine
fractal.

Definition(?!
Let E < R? satisfies OSC and (X, y) € E, (X, y) is called a contracting similarity fixed point of
E, if there are ne N"and (i, 1,,-:-,1,) € J,, such that

S ©S, 008 (X, Y)=(XY). (5)

Contracting similarity fixed point is one of the frontier research in the study of fractal geometry,
and the study of it is of great significance for understanding the structure of self-similar set and
promoting the development of fractal geometry[zz]

If contracting similarity fixed point of self-similar set can be found, the local property of self-
similar set can be obtained, which in turn the propert¥ of self similar set can be got according to the
dense everywhere of contracting similarity fixed point 1 At present most scholars mainly focus on



7118 Contracting similarity fixed point of a class of self-affine fractal BTAIJ, 10(13) 2014

the study of the contracting similarity fixed point of self-similar fractal, while the study of the
contracting similarity fixed point of self-affine fractal has not been found yet up to now.

THE STRUCTURE OF A CLASS OF SELF-AFFINE FRACTAL
We denote the three vertices of the class of the self-affine fractal as
A=(0,0)

B=(1/2,/3/2). (6)
C=(1,0)

and denote
E, = {(x, y):0<y< \/gx, y < —ﬁ(x—l)}.(?)

In the direction of the vertex A, copy progressively by using contracting ratio I,. In the direction
of the vertex B, copy progressively by using contracting ratio I,. In the direction of the vertex C, copy
progressively by using contracting ratio I;.

Assumed that r,, 1,, I, satisfy:

O<r+r,nL+0,L+1<1. (8)

Assuming that self-affine contracting mapping of the three vertices are shown as below:
Definition
For each (X, y) e E,, let

S (%, y)=(rXx,ny);
S,(%, ) =(nLx+(1-1,)/2,

Ly++3(1-1,)/2) ; ®©)
S;(X, y)=(rX+1-r,1Y).
So,
E,=1S; o0, (E)):1<iy, -, <3/ (10)
We obtain
E,oE >---DE, > (11)
ht A N

Figure 1: The self-affine fractal
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The non-empty set S = _ E, is the self-affine fractal (See Figure.1).
Remark
If =1, =r, and contracting ratios of the three vertices of self-affine fractal are the same, self-

affine fractal will change into self-similar fractal.

SOME LEMMAS
Lemma

If EcR", E satisfies OSC, and F is an arbitraryn-copy of E(k >1), that is, there exists
(i,,1,,-+,1,) € J, such that

F=S, oS, oS (E). (12)

Then F must have a contracting similarity fixed point in E .

Based on the mathematical model of self-defined self-affine fractal, the paper shows the digital
processing of self-affine fractal. With the model of self-affine fractal and the special newly-defined
eigenfunction, together with the related techniques of fractal geometry, the paper gives the
corresponding self-affine contracting mapping function of self-affine fractal. In order to prove the
lemma 13, a new characteristic function is defined as below.

Definition

Let

L i, =2;
DG )={" * 7. 13
() {0, else. (13)
Lemma

If (i,1,,--,1. )€ J,, then the general formula of the n—copy of a class of self-affine fractal is

Sil o.Siz o..oSin(X, y):(rll ...|’inx+%z:=l (Ik _1)(1_rin)ri] .ri2 N

B
ril "'riny+72k:1D(Ik)(l_ri“)ril "'rik,l)'

Proof
When n=1,
(a) If i, =1,

5

Si, (X, ¥)=S,(X, y)=(rx,ny) = (HX+%(1—1)(1— n, r1y+73 DM(1-n))

~(rx+o XL, (-0, ny+§2L_lD(l>(l—n))

~ (s 3 =D, wéz;_l DG, )(1-1,)).
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(b) If i, =2
Si1 (X’ y) = SZ(X, y)

f(l r,)

—)

V3

~(Ex4 D= 1), Ly + D)1= 1)

V3

=(r2x+%zlkl(2—1><l—r2), Ly + 23 DR

— e h G0,y 2 D).

(c) If i, =3,
Sil(x’ y): S3(X, Y) =(r3x+1—r3, r;)/)

V3

(L Go1-n), ny+ 2 DE)Y1-1,))
2 2
= (r3x+%ZL_l B-1(1-r,), r3y+§z:(=1 D3)(1-r1,))

=(hX+— Z (i, —DA-1), ry+-— zle(u )1-1)).

When n =m, suppose the lemma is follow, that is,

2 S

S, o-++08, 06 ) = (5, 1, x4 7 (=) (A=1)5 1, ,_,

G ~--nmy+§23_,D(ik>(1—nk>ri, T
(@) If iy =1,
S ©S; 00§ oS, (X, )
=S§; 05 0::08§; 0§/(X,¥)=S; oS 00§ (KX, 1Y)

lon . NCRE
(ril"'rim'r1X+EZk:1(|k_l)(1_rik)ril"'rik,]’ ril"'rimrly+72k:1D('k)(l_rik)ril"'rik,l)
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= (0o 0, X 2y (= DA oy o (g =D, R

V3

ril ..'rim-t-l 2

OIfi , =2,

S, ©S;, 005, oS,

" ...rimﬂxﬁsz“:(ik ~D(A=1,)r -+

I om .
(-, x4 D (= DA 1+

L V30-1)
2

L+
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'm+1(X’ y) :Sil OSi2 0-++0

Shanhui Sun et al.

-1,

I-Dr ---r
5 =Dn
DME, 1)

V3

D(i,,)1A=r ), )

I Iml

Sim ° SZ (Xa y)

I Im+l

Im

=Si|OSizo » hy+ \/_(1 I’)

. 1-r2 1 mo. N

= (5 f BX R b o (DA 6
\/gl-l" \/g m .

R R e e R ARUIRE S YT (BT S

= L i, — 1 La-na

= (00 X 2 (= DA=EE of 42 (2D -6 o

V3
fy o f o Y Z“DO M=K 6+ DA-L)R k)
= (0 Xt 5 2 (DA ) o 42l = DA

y+

I I

?ZL D(i, )= 1, ), -

X+ Z:T(I —1)(1-

©Ifi , =3,

-1

n +
k-1

5

NG

2 Doy )1, O, 1,

o ZE‘TDG )(1-

T

Ims1

fo et y+—ZL"TD<I)<1

9

)

o~
]

G )

=

).

7121



7122 Contracting similarity fixed point of a class of self-affine fractal

Si1 © Siz o0 Sim ° Sim+l (X, y)

=35, 05, 0::05; 05/(X,Y) =S; 0§ o---05, (LX+1-1;, 1Y)

lom .
= (0 X ) 42D (= DA 1

V3(1- r)zle(,) ")

f e Y+

=(G 6§ LX+— zk (G =DA=r )k -1, +%(3—1)(1—"3)ﬁ1'ﬁ2"'ﬁm,

ﬁzm . V3

i f, o Y+ 2 DAA =K% - +—=DEA=1)R K, %)

U

1l «—m . 1.
=(ri1---rim+l><+52k:1(lk—1)(1—rik)ri,---nk,l 2 = DA=F DAL, 65
V3em N
r ---rimﬂy+72kz1 D)1=, ), -+-¥,, +==Dlin, JA=F, L, - E T, )
= '1“ |m+l X+= zrkn-*—ll(I 1)(1_rik)ril'“rik71’ [ m1y+_ZEH11D(I )(1 1 ’ rik—l)'

Then, the lemma 3 is proved.

PROOF OF THE MAIN THEOREM

BTAIJ, 10(13) 2014

This article puts forward the contracting similarity fixed point of the self-affine fractal for the
first time. The research period of contracting similarity fixed point in the field of fractal geometry is
short, so the study of this issue is mainly concentrated on the self-similar fractal currently. This paper
presents self-affine fractal which is more general than self-similar fractal as the research direction, so as
to study the corresponding contracting similarity fixed point. Study of this direction has not been found

yet in this area until now.

Proof of the Main Theorem:

As we all known, self-affine fractal S = ;_ E, satisfies OSC . By the lemma 12, S must have a

contracting similarity fixed point in E,.
Then, by the definition 4, let

SiloSi2 o---oSin(X Y)=(xy).

So, by Lemma 6, we have,
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l—n . NE
(r, ”'rinx+52k:1(lk -DA-r ) -r .8 "'EHY+TZHD(lk)(l—ﬁk)ﬁl h ) =(%Y).

That is,

1 N
(X, Y)_(Z(l—nlriz __'rin)Zk_l(nk—l)(l—riJ Loner

V3 5

DG )(1-r )rr ---r. ).
2(1_r|]r,2r,n) k=1 (k)( |k)|I i |k,l)

Then, the Theorem 1.1 is proved.

Remark
If r,=r, =r,, the formula for the contracting similarity fixed points of the class of Self-affine

fractal will become the formula for the contracting similarity fixed points of the self-similar fractal-----
the general Sierpinski gasket[zs].

The paper puts forward the formula for the contracting similarity fixed point of self-affine
fractal, and the similar conclusions has not been found in the study of it by other scholars. The main
result of this paper is the generalization of the formula for the contracting similarity fixed point of self-
affine fractal. If the compression ratio of the self-affine fractal is consistent in all directions, the main
conclusion of this paper will become the formula for the contracting similarity fixed point of the self-
similar fractal. In other words, the formula for the contracting similarity fixed point of the self-similar
fractal is just a special case of the conclusion in this paper.

By the Theorem 1.1, we have the following theorem.

Theorem
If h=r,=---=r,, three vertices (0,0), (1/2 A3 / 2), (1,0) are the contracting similarity fixed
points of any K -copy E; .., ofthe class of self-affine fractal.

I

Proof
Forany r,r,,1;,

O<r+r,n+r,r+r<I.

For any positive natural numberk e N*, we have
()When r, =1, =---=1, =1,

~ 1 0 V3
(X, Y)—(mzk_l('k_1)(1—"ik)2(1_rilri2 ) L (R T

In

3

2(1-5 1, -,

In

)Zﬁ_l DG )A-r )G - )



7124 Contracting similarity fixed point of a class of self-affine fractal BTAIJ, 10(13) 2014

V3 "
2(1 r)zkl(l DA=r)r-r- mz DMOA-r)nr---r)
v ke
(2(1_ )[(1 DA-r)+A-DA-r)r+- +A-DA-r)r"],
Lk[D(l)(l— )+ DMA-r)r +-- +DOA-r)r'])
2(1-r")
! o 0u
= G O Oy S O+ 0)
~(0,0).
(2)Whenr, =r,=---=1, =2

V3 :
(%)= (2(1 " §:kgn ~1)(1- r)“l“f’““’za—qg~~m)§: D(i,) (1= F, 1, )

3
2(1 r)Zkl@ DA, -1, - 3o r)zle(2)(1 L, T,)
_ _ k-1
(2(1_ )[(2 DA-r)+@2-DA-r)n +--- +2=-DA-r)K ],
%[D@)(l r,)+DQ)1-r)r, +- +DQ2)1-1,)r,"])
—1 k i _ 2y, k-1 ok
(2(1_ )[(1 6)+(6—5) 4+ (7 2)]’2(1—r2k)[(1 L)+ =)+ + (0 =)
I R < R
I R T R
_1£
=&
(3)Whenr, =r, =---=r1, =3
9= Gy T D) 3 SN ETTAE
s 2(1 r k=1 i i ? 2(1 rr k=1 i i iy
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—<2(1_r3k)2k:1<3 A=) -1y - T, 2(1—r3k)2k-1D(3)(1 [OGL - 1y)
: k-1
=Gy (G D0+ GoDU—r) +-o+ G -E)r™)
Lk[oe)(l_ £)+DE)(1-1)r, ++ + DE)1—r)r])
2(1-1))
- 1 . “ k \/g
_(W[(l—r3)+(r3—r3)+...+(r3 _r3)],2(Tr2k)(0+0+ +0))
:(l : k(l—rzk),())
_r2
=(1,0).

Since k e N7 is arbitrary, the theorem is proved.
EXAMPLE

As an important application, the article gives two practical examples. One of the examples is that
self-affine fractal will become a special case---self-similar fractal when contracting ratios are consistent
in all directions of self-affine fractal. Through two practical examples, the distribution of contracting
similarity fixed points of self-affine fractal and self-similar fractal are presented in the paper. In
addition, the paper gives specific graphics of the example. In view of the self-affine fractal self-similar
fractal, the paper respectively marks the distribution of contracting similarity fixed points of first-level
copy and second-level copy. According to the graphics, the distribution similarities and differences of
the contracting similarity fixed points corresponding to the two kinds of fractals could be directly
observed. In addition the basic conclusion is provided for the future research on contracting similarity
fixed points of self-affine fractal and self-similar fractal.

Example

Let r,=1/2,r,=1/4,1,=1/3,

If n=1, the contracting similarity fixed points of the class of self-affine fractal are (0,0);
(1/2,43/2); (1,0).

If n=2, the contracting similarity fixed points of the self-affine fractal are (0,0);
(3/14,33/14); (2/5,0); (3/7,33/7); (1/2,~/3/2); (13/22,9+/3/22); (4/5,0); (19/22,3/3/22);
(1,0).

If n=3, the contracting similarity fixed points of the self-affine fractal are (0, 0); (1/10, NE / 10)
: (2/11,0); (1/5,~/3/5); (15/62,154/3/62); (13/46,~/3/23); (4/11,0); (19/46,3~/3/46); (8/17,0);
(2/5,233/5);  (21/62,21/3/62):  (11/23,94/3/23):  (15/31,15+/3/31):(1/2,+/3/2);:  (16/17,0);
(1/2,4543/94);(13/23,94/3/23);(8/11,0); (14/17,0) ;(55/94,39+/3/94) ; (43/70, 27+/3/70);
(35/46,3~/3/46):(19/23,3v/3/23) ; (1, 0) ; (79/94, 15+/3/94) ; (61/70,9+/3/70); (67/70,3/3/70).
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C

Figure 2 : The contracting similarity fixed points of the self-affine fractal

Example
Let r=0.25, then the class of self-affine fractal become a special Sierpinski gasket.
If n=1, the contracting similarity fixed points of the special self-similar fractal are(0, 0);

(1/2,~3/2); (1,0).

If n=2, the contracting similarity fixed points of the self-similar fractal are (0,0);
(1/10,~/3/10); (1/5,0); (2/5,2/3/5); (1/2,/3/2); (3/5,2+/3/5); (4/5,0); (9/10,+/3/10); (1,0).

If n=3, the contracting similarity fixed points of the self-similar fractal are (0,0);
(1/42,~/3/42); (1/21,0); (1/21,24/3/21); (5/42,54/3/42); (1/7,2+/3/21); (4/21,0); (3/14,~/3/42);
(5/21,0); (8/21,8/3/21); (17/42,17/3/42); (3/7,8/3/21); (10/21,10/3/21); (1/2,+/3/2);
(11/21,1043/21);  (4/7,8V3/21);  (1,0);  (25/42,17/3/42);(13/21,83/21);  (18/21,0);
(33/42,4/3/42);  (17/21,0);  (6/7,23/3/21);(37/42,5\/3/42);  (19/21,243/21);  (20/21,0);
(41/42,/3/42) .

Figure 2 : The contracting similarity fixed points of the self-affine fractal
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