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ABSTRACT 
 
By constructing a kind of self-affine fractal, contracting similarity fixed point of this kind
of fractal is studied. The paper introduces the basic concept of the self-affine fractal, and
compares it with the self-similar fractal to show their connection and difference. Then the
paper introduces the definition of the contracting similarity fixed point and shows the
application and importance of it. Through the mathematical model depiction of self-affine
fractal, combined with the newly-defined eigenfunction, the paper gives the contracting
mapping function of contracting similarity fixed point. Based on the contracting mapping
function, the paper shows the formula of the contracting similarity fixed point of the self-
affine fractal. As an application, the paper finally presents two relevant examples. 
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 INTRODUCTION 
 

 At present, theory of fractal geometry is widely applied in many areas of research by many 
scholars. Fractal geometry not only provides a new angle of view for many research areas, and to a 
certain extent, reveals the laws and characteristics of the nature[1,2,3]. The successful study of fractal 
geometry is graphs of self-similar fractal geometry and the corresponding application. However, the 
situation of self-similar fractal geometry is uniform expansion or the same ratios of expansion and 
compression in all directions. So, when the object does not satisfy the conditions, self-similar fractal 
geometry can not be used in research[4,5,6].  
 Affine geometry can be traced back to Euler period, Snapper described affine geometry as: 
roughly speaking, the study of affine geometry is the study of Euclidean geometry when the length, area, 
angle and so on are removed as much as possible. People may think the affine geometry is a poor 
subject, on the contrary, it is quite rich. Theory of iterated function system is an efficient mathematical 
tool for the study of the properties of self-affine fractal. Iteration function system is defined on the basis 
of compression mapping, it is the most vibrant method for applying theory of fractal geometry to the 
graphics processing[7]. Iteration function system is a kind of creative method for the study of fractal 
geometric graphs. The system can carry out mathematical modeling of a complex graph through 
similarity transformation or affine transformation. The main contents of the system are compression 
mapping, metric spaces, as well as the measure theory and so on.  
Self-similar fractal is an important research area of fractal geometry. In non-linear fractal, self-affine 
fractal is the closest one to linear fractal, so Mandelbrot originally classified them as the same group. 
Complex irregular phenomena of nature are mostly self-affine fractal rather than simple self-similar 
fractal, so self-affine fractal is very useful[8,9,10]. Self-affine fractal can better reflect the complexity and 
diversity of nature than self-similar fractal, so the content and expression form of the former are much 
more complex. 
 Self-affine set is one important set of fractal geometry, in which self-similar set is a special case. 
The difference between self-affine transformation and self-similar mapping is that self-affine 
transformation has different ratios of expansion and compression in different directions[11]. Affine 
transformation may be translation, rotation, expansion and compression and even the combination of the 
reflection. 
 Affine is non-uniform linear transformation, while similarity is a homogeneous linear 
transformation, which is a special case of the affine. Therefore, in the study of fractal geometry, the 
uniform linear fractal --- self-similar fractal is generally called linear fractal, and the rest are called 
nonlinear fractal[12,13].  
 Self-similar fractal is the basis of the study of nonlinear fractal, and the special case of nonlinear 
fractal is self-similar fractal. Strict linear fractal is strictly self-similar, that is there is an infinite nested 
mathematical structure[14,15,16]. In nonlinear fractal, the self-affine fractal is closest to linear fractal. 
Therefore, the research of nonlinear fractal are generally based on linear fractal, and the self-affine 
fractal is a breakthrough.  
 The paper mainly studies contracting similarity fixed point of self-affine fractal which is based 
on the Sierpinski gasket. By defining the self-affine fractal on R2 and combing with the newly-defined 
eigenfunction, the paper gives the contracting mapping function of self-affine fractal[17]. With the 
contracting mapping function, the paper shows the formula of the contracting similarity fixed point of 
the self-affine fractal. As an application, the paper finally presents two relevant examples.  
 As the main result of the paper, we have 
 
Theorem 
 If 1 2 n ni i i J⋅ ⋅ ⋅ ∈ , the contracting similarity fixed point of a class of self-affine fractal can be 
described as the following formula: 
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SOME DEFINITIONS 

 
DEfiNITION[18]  
  IF nRE∈ . DENOTE ),( 21 PPd  BY 

EyxPyxPPP ∈∀− ),(),,(|,| 11111121 . (1)  
 
Definition[19]  
 Let nE R⊂  be closed. A map DDSi →:  is called an affine compression mapping, if ir (

10 << ir ) exists in the following formula such that 
 

DyxyxrySxS iii ∈∀−=− ,|,||)()(| . (2)  
 
Definition[20] 
 If{ }nSS ,,1 L is an iterated function system ( IFS ), the set E  satisfies the open set condition (
OSC ). If there is a bounded nonempty open set V such that 
 

VVSi
m
i ⊂= )(1U . (3)  

 
 Denote by nJ  the set of all −n sequences { }niii ,,, 21 L , where 1,3,,,1 21 ≥≤≤ niii nL . 
 Put 
 

xSSSE
nn iiiiii =⋅⋅⋅=⋅⋅⋅ ooo

2121
. (4)  

 
 Coding system of copies at various levels of a set of a class of self-affine fractal are creatively 
presented in this paper. By using the newly-coded digital system, the paper can depict the changes of the 
three different directions of self-affine fractal copies at any levels. According to the newly-found 
contracting mapping function of self-affine fractal, combing with the related theorem and conclusion, 
the paper concludes the unified formula of contracting similarity fixed point of a class of self-affine 
fractal.  
 
Definition[21]  
 Let 2RE ⊂  satisfies OSC  and Eyx ∈),( , ),( yx  is called a contracting similarity fixed point of 
E , if there are +∈Nn and nn Jiii ∈),,,( 21 L  such that 
 

),(),(
21

yxyxSSS
niii =⋅⋅⋅ ooo . (5)  

 
 Contracting similarity fixed point is one of the frontier research in the study of fractal geometry, 
and the study of it is of great significance for understanding the structure of self-similar set and 
promoting the development of fractal geometry[22].  
 If contracting similarity fixed point of self-similar set can be found, the local property of self-
similar set can be obtained, which in turn the property of self-similar set can be got according to the 
dense everywhere of contracting similarity fixed point[23,24]. At present most scholars mainly focus on 
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the study of the contracting similarity fixed point of self-similar fractal, while the study of the 
contracting similarity fixed point of self-affine fractal has not been found yet up to now.  
 

THE STRUCTURE OF A CLASS OF SELF-AFFINE FRACTAL 
 

 We denote the three vertices of the class of the self-affine fractal as  
 

⎪
⎩

⎪
⎨

⎧

=
=

=

)0,1(
)2/3,2/1(

)0,0(

C
B

A
. (6)  

 
 and denote  
 

{ })1(3,30:),(0 −−≤≤≤= xyxyyxE .(7)  
 
 In the direction of the vertex A , copy progressively by using contracting ratio 1r . In the direction 
of the vertex B , copy progressively by using contracting ratio 2r . In the direction of the vertex C , copy 
progressively by using contracting ratio 3r .  
 Assumed that 321 ,, rrr  satisfy:  
 

1,,0 133221 ≤+++< rrrrrr . (8)  
 
 Assuming that self-affine contracting mapping of the three vertices are shown as below: 
 
Definition  
 For each 0( , )x y E∈ , let 

⎪
⎪
⎩

⎪⎪
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⎧

−+=
−+

−+=
=

).,1(),(
)2)1(3

,2)1((),(
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3333

22

222

111

yrrxryxS
ryr

rxryxS
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 ; (9) 

  
  So, 
 

{ }3,,1:)( 101
≤⋅⋅⋅≤⋅⋅⋅= niin iiESSE

n
oo . (10) 

  
 We obtain 
 

LL ⊃⊃⊃⊃ nEEE 10  (11)  
 

 
 

Figure 1: The self-affine fractal 
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  The non-empty set 0n nS E∞
== ∩ is the self-affine fractal (See Figure.1). 

 
Remark 
 If 321 rrr ==  and contracting ratios of the three vertices of self-affine fractal are the same, self-
affine fractal will change into self-similar fractal. 
 

SOME LEMMAS 
Lemma  
 If nRE ⊂ , E  satisfies OSC , and F is an arbitrary n -copy of ( 1)E k ≥ , that is, there exists 

1 2( , , , )n ni i i J⋅ ⋅⋅ ∈  such that 
 

)(
21

ESSSF
kiii ooo ⋅⋅⋅= . (12)  

 
 Then F  must have a contracting similarity fixed point in E . 
 Based on the mathematical model of self-defined self-affine fractal, the paper shows the digital 
processing of self-affine fractal. With the model of self-affine fractal and the special newly-defined 
eigenfunction, together with the related techniques of fractal geometry, the paper gives the 
corresponding self-affine contracting mapping function of self-affine fractal. In order to prove the 
lemma 13, a new characteristic function is defined as below. 
 
Definition 
 Let  
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Lemma  
 If 1 2( , , , )n ni i i J⋅ ⋅⋅ ∈ , then the general formula of the n−copy of a class of self-affine fractal is 
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Proof 
 When 1=n , 
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 Then, the lemma 3 is proved. 
 

PROOF OF THE MAIN THEOREM 
 

 This article puts forward the contracting similarity fixed point of the self-affine fractal for the 
first time. The research period of contracting similarity fixed point in the field of fractal geometry is 
short, so the study of this issue is mainly concentrated on the self-similar fractal currently. This paper 
presents self-affine fractal which is more general than self-similar fractal as the research direction, so as 
to study the corresponding contracting similarity fixed point. Study of this direction has not been found 
yet in this area until now. 
 
Proof of the Main Theorem: 
 As we all known, self-affine fractal 0n nS E∞

== ∩ satisfies OSC . By the lemma 12, S  must have a 
contracting similarity fixed point in 0E .  
 Then, by the definition 4, let 
 

)()(
21 yxyxSSS
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 So, by Lemma 6, we have, 
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 Then, the Theorem 1.1 is proved. 
 
Remark 
 If 321 rrr == , the formula for the contracting similarity fixed points of the class of Self-affine 
fractal will become the formula for the contracting similarity fixed points of the self-similar fractal-----
the general Sierpinski gasket[25].  
 The paper puts forward the formula for the contracting similarity fixed point of self-affine 
fractal, and the similar conclusions has not been found in the study of it by other scholars. The main 
result of this paper is the generalization of the formula for the contracting similarity fixed point of self-
affine fractal. If the compression ratio of the self-affine fractal is consistent in all directions, the main 
conclusion of this paper will become the formula for the contracting similarity fixed point of the self-
similar fractal. In other words, the formula for the contracting similarity fixed point of the self-similar 
fractal is just a special case of the conclusion in this paper.  
 By the Theorem 1.1, we have the following theorem. 
 
Theorem 
 If krrr === L21 , three vertices (0,0) , (1 2 3 2)， , (1,0)  are the contracting similarity fixed 
points of any k -copy 

1 2 ki i iE ⋅⋅⋅  of the class of self-affine fractal. 
 
Proof 
 For any 321 ,, rrr , 
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 Since +∈Nk  is arbitrary, the theorem is proved. 
 

EXAMPLE 
 

 As an important application, the article gives two practical examples. One of the examples is that 
self-affine fractal will become a special case---self-similar fractal when contracting ratios are consistent 
in all directions of self-affine fractal. Through two practical examples, the distribution of contracting 
similarity fixed points of self-affine fractal and self-similar fractal are presented in the paper. In 
addition, the paper gives specific graphics of the example. In view of the self-affine fractal self-similar 
fractal, the paper respectively marks the distribution of contracting similarity fixed points of first-level 
copy and second-level copy. According to the graphics, the distribution similarities and differences of 
the contracting similarity fixed points corresponding to the two kinds of fractals could be directly 
observed. In addition the basic conclusion is provided for the future research on contracting similarity 
fixed points of self-affine fractal and self-similar fractal.  
 
Example  
 Let 31,41,21 321 === rrr ,  
  If 1=n , the contracting similarity fixed points of the class of self-affine fractal are )0,0( ; 

)23,21( ; )0,1( . 
  If 2=n , the contracting similarity fixed points of the self-affine fractal are )0,0( ; 

)1433,143( ; )0,52( ; )733,73( ; )23,21( ; )2239,2231( ; )0,54( ; )2233,2291( ; 
)0,1( . 

  If 3n = , the contracting similarity fixed points of the self-affine fractal are )0,0( ; )103,101(
; )0,112( ; )53,51( ; )62315,6215( ; )323,4613( ; )0,114( ; )4633,4619( ; )0,178( ; 

)532,52( ; )62321,6221( ; )2339,2311( ; )31315,1315( ; )23,21( ; )0,1716( ;
)94345,21( ; )2339,3213( ; )0,118( ; )0,1714( ; )94393,9455( ; )70327,7043( ;

)6433,6435( ; )2333,3219( ; )0,1( ; )94315,9479( ; )7039,7061( ; )7033,7067( . 
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Figure 2 : The contracting similarity fixed points of the self-affine fractal 
 

Example 
 Let 25.0=r , then the class of self-affine fractal become a special Sierpinski gasket. 
 If 1n = , the contracting similarity fixed points of the special self-similar fractal are )0,0( ; 

)23,21( ; )0,1( . 
  If 2n = , the contracting similarity fixed points of the self-similar fractal are )0,0( ; 

)103,101( ; )0,51( ; )532,52( ; )23,21( ; )532,53( ; )0,54( ; )103,109( ; )0,1( . 
  If 3n = , the contracting similarity fixed points of the self-similar fractal are )0,0( ; 

)423,421( ; )0,121( ; )2132,211( ; )4235,425( ; )2132,71( ; )0,214( ; )423,143( ; 
)0,215( ; )2138,218( ; )42317,4217( ; )2138,73( ; )21310,2110( ; )23,21( ;

)21310,2111( ; )2138,74( ; )0,1( ; )42317,4225( ; )2138,2113( ; )0,2118( ;
)423,4233( ; )0,2117( ; )1232,76( ; )4235,4237( ; )2132,2119( ; )0,2120( ;
)423,4241( .  

 

 
 

Figure 2 : The contracting similarity fixed points of the self-affine fractal 
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