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ABSTRACT 

In this paper, new concept of soft (α, β) - ψ - contractive mappings have been introduced and we 
obtain a unique common fixed point theorem in soft metric space has been obtained. An example and 
application has been given to support these results. 
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INTRODUCTION 

In the year 1999, Molodtsov1 initiated the theory of soft sets as a new mathematical 
tool for dealing with uncertainties. He has shown several applications of this theory in 
solving many practical problems in economics, engineering, social science, medical science, 
etc. Maji et al.2 introduced several operations on soft sets and applied it to decision making 
problems. Then the idea of soft topological space was first given by Shabir and Naz3. Das 
and Samanta4 introduced the notion of soft metric space and investigated some basic 
properties of this space. In 2012, Samet et al.5 introduced α - ψ contractive mappings and 
gave some results on a fixed point of the mappings. By using their main idea a new concept 
of soft (α,β) - ψ - contractive mappings was introduced and a unique common fixed point 
theorem in soft metric space was obtained. An example and application has been given to 
support our results. 

Definition 1.12 Let X be an initial universe set and E be a set of parameters. A pair 
(F,E) is called a soft set over X, if and only if F is a mapping from E into the set of all 
subsets of the set X, i.e., 
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 F : E → P(X), where P(X) is the power set of X. 

Definition 1.26 A soft set (F,E) over X is said to be an absolute soft set denoted by 
X~  if for all e ∈  E, F(e) = X. 

Definition 1.37 Let R be the set of real numbers and B(R) be the collection of all 
non-empty bounded subsets of R and E be taken as a set of parameters. Then a mapping F : 
E → B(R) is called a soft real set. If a real soft set is a singleton soft set, it will be called a 
soft real number and denoted by str ~,~,~ etc. 0~ and 1~ are the soft real numbers where 0~ (e) = 
0, 1~ (e) = 1 for all e ∈  E, respectively. 

Definition 1.4. (Soft element). Let X be a non-empty set and E be a non-empty 
parameter set. Then a function ε : E → X is said to be a soft element of X. A soft element ε  
of X is said to belong to a soft set A of X, denoted by ε ∈  A, if ε (e) ∈A(e), e ∈  E. Thus a 
soft set A of X with respect to the index set E can be expressed as A(e) = {ε  (e), ε ∈  A}, e 
∈E. 

Note. It is to be noted that every singleton soft set (a soft set (F; A) for which F(e) is 
a singleton set, ∈∀λ A) can be identified with a soft element by simply identifying the 
singleton set with the element that it contains ∈∀λ A. 

Definition 1.57 Let sr ~,~ be two soft real numbers. Then the following statements. 

hold: 

(i) sr ~~~ ≤ if )(~~)(~ eser ≤ for all e ∈  E; 

(ii) sr ~~~ ≥ if )(~~)(~ eser ≥ for all e∈E; 

(iii) sr ~~~ < if )(~~)(~ eser < for all e ∈E; 

(iv sr ~~~ > if sr ~~~ > for all e ∈  E: 

Let SE ( X~ ) be the collection of all soft points of X~ and R(E)*denote the set of all 
non-negative soft real numbers. 

Definition 1.64 A mapping d : SE ( X~ ) × SE ( X~ ) → R(E)*, is said to be a soft 
metric on the soft set X~ if d satisfies the following conditions: 
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(M1) d  ( x~ , y~ )≥~ 0  ∀  x~ , y~ ∈ X~ ;   

(M2) d  ( x~ , y~ ) =  0   iff x~ = y~ ; 

(M3) d  ( x~ , y~ ) =  d  ( y~ , x~ )∀ x~ , y~ ∈  X~ ;   

(M4) For all x~ , y~ , z~ ∈ X~ ; d ( x~ , z~ ) ≤~ d  ( x~ , y~ ) + d ( y~ , z~ ) 

The soft set X~  with a soft metric d on X~ is called a soft metric space and denoted 
by ( X~ , d , E). 

Theorem 1.74 (Decomposition Theorem) If a soft metric d satisfies the condition: 

(M5): For ),( ηξ ∈  X × X, andλ  ∈A, { d  ( x~ , y~ ) (λ ): x~ (λ ) = ξ , y~ (λ ) = λ } is 
a singleton set, and if for λ  ∈ A, λd : X × X → R+ is defined by 

),)(~,~())(~),(~( λλλλ yxdyxd = x~ , y~ ∈  X~ , then λd is a metric on X~ . 

Definition 1.84 Let ( X~ , d, E) be a soft metric space ε~  be a non-negative soft real 
number. 

B( x~ , ε~ ) = { } )~(~~)~,~(~:~~ XSEyxdXy ⊆<∈ ε  is called the soft open ball with center 

at x~ and radius ε~ and B[ x~ , ε~ ] = { } )~(~~)~,~(~:~~ XSEyxdXy ⊆≤∈ ε  is called the soft closed 
ball with center at x~ and radiusε~ . 

Definition 1.94 Let { }nx~  be a sequence of soft elements in a soft metric space ( X~ , d, 

E). The sequence { }nx~  is said to be convergent in ( X~ , d, E) if there is a soft element 

Xy ~~∈ such that d ( nx~ , y~ ) → 0  as n →∞ . This means for every ε~ ≥~ 0 , chosen arbitrarily, 

∃  a natural number N = N(ε~ ) such that 0  ≤~  d ( nx~ , y~ ) <~ ε~ , whenever n > N. 

Theorem 1.104 Limit of a sequence in a soft metric space, if exist, is unique. 

Definition 1.114 A sequence { }nx~  of soft elements in ( X~ , d, E) is considered as a 

Cauchy sequence in X~ if corresponding to every ε~ > 0 , ∃  m ∈  N such that d~  
( ix~ , jx~ ) ≤~ ε~ ,∀  i , j ≥  m. 

Definition 1.124 A soft metric space ( X~ , d, E) is called complete if every Cauchy 



Int. J. Chem. Sci.: 14(4), 2016 2739

Sequence in X~ converges to some point of X~ . The soft metric space ( X~ , d, E) is called 
incomplete if it is not complete. 

Definition 1.134 Let ( X~ , d, E) be a soft metric space. We can consider X as the 
collection of all soft elements of X with respct to a parameter set A. Let f : ( X~ , d) → ( X~ , d) 
be a mapping. If there exists a soft element Xx ~~

0 ∈ such that f( 0
~x ) = 0

~x , then 0
~x is called a 

fixed element of f. 

Definition 1.144 Let ( X~ , d) be a soft metric space. We can consider X~ as the 

collection of all soft elements of X~  with respect to a parameter set A. A mapping 

f: ( X~ , d) → ( X~ , d) is said to be a contraction mapping in ( X~ , d), if there is positive 
soft real number t~ with 0 < t~ < 1 such that d (f( x~ ), f( y~ ))≤~ t~ d ( x~ , y~ ), x~ , y~ ∈  X~  

Theorem 1.154 Let ( X~ , d) be a complete soft metric space. Let f : ( X~ , d) → ( X~ , d) 
be a contraction mapping. Then f has a unique fixed element. 

Definition 1.16. Let Ψ be the family of functions ψ: R(E)*→ R(E)*satisfying the 
following conditions. 

(i)  ψ is non-decreasing 

(ii) ∞<∑
∞

=1

)~(
n

n tψ  for all t~  > 0 , where  ψn is the nth iterative of ψ . 

Remark: For every function   ψ : R(E)*→ R(E)* the following holds:  

if ψ is non decreasing, then for each t~  > 0 , 0)0ψ(t~)t~ψ(0)t~(ψlim n

n
=⇒<⇒=

∞→
. 

There fore if ψ ∈  Ψ then for each t~  > 0 , 0)0(~)~( =⇒< ψψ tt . 

The notations F(f,T) and C(f, T) stand for the set of all common fixed point and and 
the set of all coincidence points of f and T, respectively. 

Definition 1.175 Let T: X → X and α: X × X → [0, ∞ ) we say that T is α- 
admissible if x; y ∈  X; α (x, y) ≥  1 ⇒   α (Tx, Ty) ≥ 1. 
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Definition 1.18. Let T : X~ → X~  and α, β : X~ × X~ → R(E)* we say that T is soft 
(α,β) - admissible if x~ , y~ ∈ X~ , α ( x~ , y~  ) ≥~  1  , β ( x~ , y~  ) ≥~  1 ⇒  α (T x~ , T y~ ) ≥~  1 , β 

(T x~ ,T y~  ) ≥~  1 . 

Definition 1.19. Let f, g, S, T : X → X be four self mappings of a nonempty set X, 
and let α: S(X) ∪  T(X) × S(X) ∪  T(X) → [0,∞ ) be mappings , then the pair (f, g) is called 
an  α-admissible with respect toS and T (in short α(S,T) - admissible)if for all x, y ∈X α           
(Sx, Ty) ≥  1 or  α (Tx, Sy) ≥  1 implies α (fx, gy) ≥  1 and α (gx, fy) ≥  1. 

Definition 1.20. Let f, g, S, T : X~  → X~  be four self mappings of a nonempty set X~ , 
and let α,β: f(X) ∪  g(X) × f(X) ∪  g(X) → [0,∞ ) be mappings, then the pair (S,T) is called an 
soft (α,β)- admissible with respect to f and g  (in short (S,T) is soft ),(),( gfβα - admissible) if 

for all x~ , y~ ∈ X~ , α (f x~ , g y~ ) ≥  1 , β (f x~ , g y~ ) ≥  1  or  α (g x~ , f y~ ) ≥  1 , β (g x~ , f y~ ) ≥  1  
implies α (S x~ , T y~ ) ≥  1 , β (S x~ , T y~ ) ≥  1  or  α (T x~ , S y~ ) ≥  1 , β (T x~ , S y~ ) ≥ 1 . 

Definition 1.21. Let ( X~ , d) be a soft metric space and f, g, S, T : X~ → X~ be 
amappings and (S, T) be ),(),( gfβα - admissible pair, we say that (S, T) is soft ),(),( gfβα - 

contraction if 

 ))~,~(()~,~()~,~()~,~( yxMyTxSdygxfygxf ψβα ≤  …(1) 

Where [ ] ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
= )~,~()~,~(

2
1

),~,~(),~,~(),~,~(
max)~,~( xSygdyTxfd

yTygdxSxfdygxfd
yxM  

for all x~ , y~ ∈  X~ , and ψ ∈Ψ. 

Definition 1.228 Let ( X~ , d , E)  be a soft metric space and two mappings f, g : ( X~ , 
d, E)  → ( X~ , d, E) are said to be soft weakly compatible if f(g( x~ )) = g(f( x~ )) for all x~ ∈ X~ , 
which satisfy f( x~ ) = g( x~ ). 

Now we prove our main result. 

Main result 

Theorem 2.1. Let f, g, S, T: X~  → X~  be a mappings on a complete soft metric 
space with S( X~ ) ⊆  g( X~ ) ,T( X~ )⊆  f( X~ ) and (S, T) be soft ),(),( gfβα - contractive pair. 
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Suppose that the following conditions are satisfied: 

(2.1.1) there exists ∈0
~x X~ such that α(f 0

~x , g 0
~x ) ≥  1 and  β(f 0

~x , g 0
~x ) ≥  1   

(2.1.2) α(f nx~ ,g 1
~

+nx ) ≥  1 , β (f nx~ ,g 1
~

+nx ) ≥  1 , ∀n even implies that α(f nx~ , g jx~ ) ≥  

1 , β (f nx~ , g jx~ ) ≥  1 ,  

(2.1.3) α(f nx~ ,g 1
~

+nx ) ≥ 1 , β (f nx~ ,g 1
~

+nx ) ≥ 1 , ∀n even and f nx~ and g 1
~

+nx  converges 

to x~ ∈ X~ as n → ∞ implies that  α(f nx~ , x~ ) ≥  1 , β (f nx~ , x~ ) ≥  1 , and α( x~ ,g 1
~

+nx ) ≥  1 , β 

( x~ ,g 1
~

+nx ) ≥  1    ∀ n even . 

Then the pairs (S, f) and (T, g) have a point of coincidence in X. Moreover if 

(i) (S, f) and (T, g) are soft weakly compatiable 

(ii) α(fu~ , g v~ ) ≥  1 and β (fu~ , g v~ ) ≥  1 , whenever u~ ∈C(S, f) and v~ ∈  C(T, g). 

Then f, g, S and T has a common fixed soft element. 

Proof. Let ∈0
~x X~ such that α(f 0

~x , g 0
~x ) ≥  1 and  β(f 0

~x , g 0
~x ) ≥  1 . Since S( X~ ) ⊆  

g( X~ ), there exists ∈1
~x X~ such that S 0

~x = g 1
~x . Again since T( X~ )⊆  f( X~ ), there exists 

Xx ~~
2 ∈ such that T 1

~x = f 2
~x . Continuing this process, we can construct the sequences 

{ }nx~ and { }ny~ in X~ defined by – 

 L0,1,2n  ,~~~   ,~~~
1222121222 ===== ++++ nnnnnn xTxfyxgxSy  …(2) 

Since (S, T) is soft ),(),( gfβα - admissible pair 

α(f 0
~x ,S 0

~x ) = α(f 0
~x ,g 1

~x ) ≥  1 ⇒  α(S 0
~x ,T 1

~x ) ≥ 1 = α(g 1
~x , f 2

~x ) ≥ 1  

α(g 1
~x ,f 2

~x ) ≥  1 ⇒  α(S 1
~x ,T 2

~x ) ≥ 1  and α(T 1
~x ,S 2

~x ) ≥ 1  

which gives α(f 2
~x , g 3

~x ) ≥  1  continuing this way, we obtain 

α(f nx2
~ ,g 12

~
+nx ) ≥  1  similarly β(f nx2

~ ,g 12
~

+nx ) ≥  1 . Therefore 
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 α(f nx2
~ ,g 12

~
+nx ) ≥  1  and β(f nx2

~ ,g 12
~

+nx ) ≥ 1  …(3) 

putting x~ = nx2
~ and y~ = 12

~
+nx in (1) and using (2), (3) 

))~,~((                     
)~,~()~,~()~,~(                     

)~,~()~,~(

122

122122122

122122

+

+++

++

≤
≤
=

nn

nnnnnn

nnnn

xxM
xTxSdxgxfxgxf

xTxSdyyd

ψ
βα  

Where 

[ ]

{ }.)~,~(),~,~(max                     

)~,~()~,~(
2
1

),~,~(),~,~(),~,~(
max)~,~(

122212

221212

122212212

12

+−

+−

+−−

+

=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
=

nnnn

nnnn

nnnnnn

nn

yydyyd

yydyyd

yydyydyyd
xxM

 

Thus 

{ }).)~,~(),~,~((max)~,~( 122212122 +−+ ≤ nnnnnn yydyydyyd ψ  

If  )~,~( 122 +nn yyd  is maximum, then 

)~,~())~,~(()~,~( 122122122 +++ <≤ nnnnnn yydyydyyd ψ  

is a contradiction. 

Hence 

)).~,~(()~,~( 212122 nnnn yydyyd −+ ≤ψ  

Continuing this way, we get – 

 ))~,~(()~,~( 10122 yydyyd n
nn ψ≤+  …(4) 

From (4) and using the triangular inequality, for all n ∈  N. 

)).~,~(()~,~( 101 yydyyd n
nn ψ≤+  

Therefore, for all n,m ∈  N, n < m, by the triangle inequality we obtain – 
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.))~,~((                

))~,~((                

)~,~()~,~()~,~()~,~(

10

1

10

1211

∑

∑
∞

=

−

=

−+++

≤

≤

+++≤

np

p

m

np

p

mmnnnnmn

yyd

yyd

yydyydyydyyd

ψ

ψ

L

 

Letting p →∞ , we obtain that { ny~ } is a Cauchy sequence in ( X~ , d) and hence { ny2
~ } 

is a Cauchy sequence. Since ( X~ , d) be a complete soft metric space. There exists 
∈x~ X~ such that – 

 .~~lim xynn
=

∞→
 …(5) 

From (2) and (5), we get – 

 ∞→→→→→ +++ n  ~~,~~   ,~~,~~
1222122 asxxTxxfxxgxxS nnnn  …(6) 

Now we shall prove that x~ is a common fixed soft element of f, g, S and T. 

Since T( X~ )⊆  f( X~ ), we can choose a soft element Xu ~~∈ such that ufx ~~ =  

Suppose that d( uSx ~,~ ) 0≠ . 

By using (3), (6) and (2.1.3), we have 

α(u~ ,g 1
~

+nx ) ≥  1 , β (u~ ,g 1
~

+nx ) ≥ 1     

Then substituting x~ = u~ and y~ = 1
~

+nx in (1), we get – 

[ ] .)~,~()~,~(
2
1

),~,~(),~,~(),~,~(
max                      

))~,~((                      
)~,~()~,~()~,~()~,~(

1212

121212

12

12121212

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
=

≤
≤

++

+++

+

++++

uSxgdxTufd

xTxgduSufdxgufd

xuM
xTuSdxgufxgufxTuSd

nn

nnn

n

nnnn

ψ

ψ
βα

 

Letting ∞→n , we get – 
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[ ]

)~,~())~,~((              
))~,~((              

)~,~(0
2
1

,0),~,~(,0
max)~,~(

xuSdxuSd
uSxd

uSxd

uSxd
xuSd

<=
≤

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
≤

ψ
ψ

ψ

 

is a contradiction. 

Hence f u~  = S u~ = x~ , and so u~ ∈  C(S, f). 

Similarly, since S( X~ ) ⊆ g( X~ ), we can choose a soft element Xv ~~∈ such that 
vgx ~~ = . 

Suppose that d ( x~ , T v~ ) 0≠ . 

By using (3), (6) and (2.1.3), we have –  

α(f nx2
~ ,g v~ ) ≥  1 and β (f nx2

~ , v~ ) ≥  1  

Then substituting x~ = nx2
~ and y~ = v~ in (1), we get – 

[ ] .)~,~()~,~(
2
1

),~,~(),~,~(),~,~(
max                      

))~,~((                      
)~,~()~,~(~,~()~,~(

22

222

2

2222

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
=

≤
≤

nn

nnn

n

nnnn

xSvgdvTxfd

vTvgdxSxfdvgxfd

vxM
vTxSdvgxfvgxfvTxSd

ψ

ψ
βα

 

Letting ∞→n , we get – 

              [ ]
)~,~())~,~((              

)~,~(0
2
1

,0),~,~(,0
max)~,~(

vTxdvTxd

vTxd

vTxd
vTxd

<≤

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
≤

ψ

ψ
 

is a contradiction. 

Hence g v~  = T v~ = x~ , and so v~ ∈  C(T, g). 
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Therefore x~ = g v~  = T v~ = f u~  = Su~ . By the weak compatibility of the pairs (S, f) 
and (T,g) we deduce that f x~ = S x~ and g x~ = T x~ . Since x~ ∈  C(S, f) and v~ ∈  C(g, T) by (ii), 
we have α(f x~ , g v~ ) ≥  1 and β (f x~ , g v~ ) ≥  1 . 

From (2.1.1), we get – 

[ ]

[ ]

)~,~(                         
))~,~(())~,~((                        

0)~,~(
2
1

,0,0),~,~(
max                       

)~,~()~,~(
2
1

),~,~(),~,~(),~,~(
max                      

))~,~((                      
)~,~()~,~()~,~()~,~()~,~(

xxSd
xxSdxxfd

xxfd

xxfd

xSvgdvTxfd

vTvgdxSxfdvgxfd

vxM
vTxSdvgxfvgxfvTxSdxxSd

<
==

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
=

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
=

≤
≤=

ψψ

ψ

ψ

ψ
βα

 

is a contradiction. 

Hence f x~  = S x~ = x~ . 

Similarly, u~ ∈  C(S; f) and x~  ∈  C (T, g) by (ii), we have 

α(fu~ , g x~ ) ≥  1  and β (fu~ , g x~ ) ≥  1 . 

From (2.1.1), we get – 

[ ]

[ ]

)~,~())~,~((                      

)~,~()~,~(
2
1

,0,0),~,~(
max                      

)~,~()~,~(
2
1

),~,~(),~,~(),~,~(
max                      

))~,~((                      
)~,~()~,~()~,~()~,~()~,~(

xTxdxTxd

xxgdxTxd

xgxd

uSxgdxTufd

xTxgduSufdxgufd

xuM
xTuSdxgufxgufxTuSdxTxd

<=

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
=

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
=

≤
≤=

ψ

ψ

ψ

ψ
βα

 

is a contradiction. 
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Hence g x~  = T x~ = x~ . 

Therefore f x~  = S x~ = g x~  = T x~ = x~ . 

Hence x~ is a common fixed soft element of f, g, S and T. 

Let us give the following hypothesis for the uniqueness of the common fixed soft 
element Theorem 2.1 (H) for all if x~ , y~ ∈   F(f, g, S, T), we have  

α (f x~ , g y~ ) ≥~ 1 , β (f x~ , g y~ ) ≥~ 1  

Theorem 2.2. Adding condition (H) to the hypothesis of Theorem 2.1, we obtain the 
uniqueness of the common fixed soft element of f, g, S and T. 

Proof. Suppose f x~  = S x~ = g x~  = T x~ = x~  and f y~  = S y~ = g y~  = T y~ = y~ . Then from 
(H), we have 

                            α (f x~ ,g y~  ) ≥  1  and  β (f x~ ,g y~  ) ≥  1 . 

Then applying equation (1) , we get 

                                     
[ ]

[ ]

)~,~(                 
))~,~((                 

)~,~()~,~(
2
1

,0,0),~,~(
max                

)~,~()~,~(
2
1

),~,~(),~,~(),~,~(
max                

))~,~((               
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⎝

⎛
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⎬
⎫
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⎪
⎨
⎧

+
=

≤
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ψ

ψ

ψ

ψ
βα

                    

is a contradiction. 

Hence x~ = y~ Therefore x~ is a unique common fixed soft element of f, g, S and T. 

Example 2.3. Let ( X~ , d, A) be soft metric space. Where X = A = [0, 1] and 

yxyxd ~~)~,~( −= for every yx ~,~ ∈ X~ . Let f, g, S, T : X~  → X~  be mappings defined by fx = 
8
x , 
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gx =
6
x , Sx = 

48
x and Tx = 

64
x . Also we define α, β: f(X) ∪  g(X) × f(X) ∪  g(X) → [0,∞ ) by 

α(x, y) = 1 ∀x ∈  X and β(x, y) = 1∀x ∈  X, and ψ: R+ → R+ be defined as ψ (t) =
3
t  

Now 

))~,~(()~,~(
3
1                                        

)~,~(
8
1                                        

)~,~(
8
1                                        

6

~

8

~

8
1                                        

48

~

64

~
                                        

)~,~()~,~()~,~()~,~(

yxMyxM

yxM

ygxfd

yx

yx
yTxSdyTxSdyxyx

ψ

βα

=≤

≤

=

−=

−=

=

 

Therefore all the conditions of Theorem 2.1 are satisfied. 0 is the common fixed soft 
element for f, g, S and T. 

Corollary 2.4. Let ( X~ , d) be complete soft metric space and T : X~  → X~  be a 
mappings and T be soft (α,β)- ψ- contractive mapping. Suppose that the following conditions 
are satisfied: 

(i)  There exists ∈0
~x X~ such that α( 0

~x ,T 0
~x ) ≥  1 and  β( 0

~x ,T 0
~x ) ≥  1   

(ii) If { }nx~  is a sequence in X~  α ( nx~ , 1
~

+nx ) ≥ 1  and   β ( nx~ , 1
~

+nx ) ≥ 1  ∀ n and  

nx~ converges to x~ ∈  X~ as n → ∞ , then α ( nx~ , x~ )≥ 1  and   β ( nx~ , x~ )≥ 1  ∀n. 

Then T has a fixed soft element. 

Corollary 2.5. Let ( ,~X d) be complete soft metric space and T : X~  → X~ be a 

mappings and ))~,~(()~,~()~,~()~,~( yxdyTxTdyxyx ψβα ≤ for all x~ , y~ ∈  X~ and ψ ∈Ψ. Suppose 
that the following conditions are satisfied: 
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(i) There exists ∈0
~x X~ such that α ( 0

~x , T 0
~x ) ≥  1 and β( 0

~x ,T 0
~x ) ≥  1   

(ii) If { }nx~ is a sequence in X~  α ( nx~ , 1
~

+nx ) ≥ 1  and β ( nx~ , 1
~

+nx ) ≥ 1  ∀ n and  

nx~ converges to x~ ∈ X~ as n → ∞ , then α ( nx~ , x~ )≥ 1  and β ( nx~ , x~ )≥ 1  ∀n. 

Then T has a fixed soft element. 

Application to integral equations 

An integral equation of the form – 

 dttxtsKsysx )()(~),())((~))((~
1

0
∫+= λλλ  …(7) 

Assume that K(s,t) is continuous. Let )(~ λy C~∈ [0, 1]. Hence 

2
1),(max

1

0
]1,0[

≤∫∈
dttsk

t
 

and  ψ (t) = t. 

We consider first the integral equation on C~ [0, 1], the space of all continuous 
functions defined on interval [0, 1] with the metric 

))((~))((~max))(~),(~(
]1,0[

tytxyxd
t

λλλλ −=
∈  

 write the integral equation (7) in the form x~  = T x~ , where 

 dttxtsKsysxT )()(~),())((~))((~
1

0
∫+= λλλ  …(8) 

Since k and the function y~ are continuous, it follows that equation (8) defines an 
operator 

T : C~ [0, 1] →C~ [0, 1] 
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It follows that 

))).(~),(~((                          
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1

                          

))((~))((~  max2
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 ),( max))((~))((~  max                          
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∫

 

Thus, we have 

].1,0[~~,~))~,~(()~,~( CyxyxdyTxTd ∈∀≤ψ  

Lastly, we define βα ,  : C~ [0, 1] × C~ [0, 1] →R(E)*  by 

⎩
⎨
⎧ ∈

=
.0

]1,0[~~,~1)~,~(
otherwise

Cyxifyxα
 

and  

⎩
⎨
⎧ ∈

=
.0

]1,0[~~,~1)~,~(
otherwise

Cyxifyxβ  

Then for all x~ , y~ ∈  ]1,0[~C ,we have 

)).~,~(()~,~()~,~()~,~( yxdyTxTdyxyx ψβα ≤  

Hence hypotheses of Corollary 2.5 are satisfied. Thus, the mapping T has a fixed 
soft element, which is the solution of integral equation (7). 
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