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ABSTRACT KEYWORDS
Extended F-expansion method is proposed to seek exact solutions of B- Extended F-expansion
type Kadomtsev-Petviashvili equation. Many new travelling wave solu- method;

tions are obtained, including Jacobi elliptic function solutions, soliton-

like solutions and trigonometric function solutions.
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INTRODUCTION

The well-known Kadomtsev-Petviashvili (KP)
equation wasfirst writtenin 1970 by Soviet physicists
BorisB. Kadomtsev and Vladimir . Petviashvili®™. The
K P equation can be used to modd water wavesof long
wavd ength with weekly non-linear restoring forcesand
frequency dispersion>4 andion-acousticwavesinplas-
mas®. Asasubclass of the KPeguationisthe B-type
Kadomtsev-Petviashvili (BKP) equation which de-
scribesthe processes of interaction of exponentialy lo-
calized structures. Itisoneof ahierarchy of integrable
systemsemerging from abilinear identity relatedtoa
Clifford dgebrawhichisgenerated by two neutra fer-
mion fieldg®. BK P equation can bewrittenintheform

Up = Uyyy + Uy b+ 6(Uv), +6(uw),,

x =Vy, Uy =W,, @

Nonlinear partial
differential equations;
Nonlinear physical
phenomena;
(2+1)-dimensional B-type
Kadomtsev-Petviashvili
equation.

where u(x, y,t), v(x,y,t) and w(x, y,t) aredepen-
dent variables with respect to x, y and t. The KP
equation is associated with an A-type group and the
BKP equation with a B-type group which can be used
in Bosonic Pictureand Fermionicfieldg™®.

Itisknown that many physical phenomenaare of-
ten described by nonlinear evolution equations(NLEES).
Integrable syssemsand NLEEs haverecently attracted
much attention of mathematiciansaswel asphysicigts.
Many methodsfor obtaining explicit travelling solitary
wave solutionsto NL EEs have been proposed. Among
these arethetanh methods®, Jacobi dlliptic function
(JEF) expansion methodg'2%4, Hirota’s bilinear meth-
0ds*>7, Exp-function method™® ¥, theinverse scat-
tering transform(?>22 and so on. Recently F-expansion
method?>?% was proposed to obtain periodic wave
solutionsof NLEES, which can bethought of asacon-
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centration of JEF expansion since F here standsfor
everyoneof JEFs.

In this paper, we extend the extended F-expan-
son (EFE) method with symbolic computation to Eq.
(1) for constructing their interesting Jacobi doubly
periodic wavesolutions. It isshown that soliton solu-
tionsand triangular periodic sol utions can be estab-
lished asthe limits of Jacobi doubly periodic wave
solutions. In addition the algorithm that we use here
also acomputerized method, in which generating an
algebraic system.

EXTENDED F-EXPANSION METHOD

Inthissection, weinmtroduceas mpledescription
of theEFE method, for agiven partid differentia equa
tion
G(u,uy,uy,u,,Uy,..) =0, 2
Weliketo know whether travelling waves (or station-
ary waves) aresolutionsof EQ. (2). Thefirst stepisto
unitetheindependent variables x, y and t into one

particular variablethrough thenew varigble

E=x+y=vt, u(xy,t)=U()

where v iswavespeed, and reduce Eq. (2) toan ordi-
nary differential equation (ODE)

G(U,U U U",.)=0. 3

Our maingod isto deriveexact or at |east approximate
solutions, if possible, for thisODE. For this purpose,
letussmply U astheexpansonintheform,

N N
u(x,y,t)=U©) =Y aF + > a F, @
i=0 i=1
where
F =vA+BF2+CF*, ®)
: d’u
the highest degree of ace istakenas
dPuU, _ _
O(F) = N+p, p= 1,2,3,---, (6)
O(qup—u):(q+1)N+p q9=012,p=123. (7)
dgP ' e

Where a, B and C areconstants,and N inEg. (3)
isapositiveinteger that can be determined by balanc-
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ing the nonlinear term (s) and the highest order deriva
tives. Normally N isapositiveinteger, so that an ana-
lytic solutionin closed form may be obtained. Substi-
tuting Egs. (2)- (5) into Eq. (3) and comparing the co-
efficientsof each power of F(¢) inbothsides, to get
an over-determined system of nonlinear algebraic equa
tionswithrespectto v, a,, a,, ---. Solvingtheover-
determined system of nonlinear a gebraic equationsby
use of Mathematica. Therelations between values of
A, B, C andcorresponding JEF solution F () of
Eq. (4) aregivenin TABLE 1. Substitutethe values of
A, B, C andthecorresponding JEF solution F(¢)

chosen from TABLE 1into the general form of solu-
tion, then anideal periodic wave solution expressed by
JEF can be obtained.

Wheresn(£),cn(¢) anddn(¢) aretheJEsine
function, JE cosinefunction and the JEF of thethird
kind, respectively. And
cn?(g)=1-sn?@g),  dn®*(g)=1-m’*n’*E), (®
withthemodulusm (0<m<1).

When m— 1, the Jacobi functions degenerateto
thehyperbolicfunctions, i.e,
sng — tanhf, cnf— sechf, dng — sechf,
when m— 0, the Jacobi functions degenerateto the
triangular functions, i.e,
sn§ —»sing, cng—cosL and dn—>1.

B-TYPEKADOMTSEV-PETVIASHVILI
EQUATION

We consider the BKPE (1)
Up = Uy + Uy b+ 6(uv), + 6p(uw),

Uy =Vy, Uy =Wy, ©)

ifweuse ¢ = xp+ y+1t carieskEqg. (9) intothesys-
tem of ODEs

2U" —vU +6(UV) +6(UW) =0,
us=v, U=w,

where by integrating once we obtai n, upon setting the
constant of integration to zero,

(10)

2U" —yU+6UV +6UW =0,
U=V, U=w,

(1)

Hn Tndéan g%wumé
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if weusethe second and third equationsin (11) into the
first one, wefind

2U" -vU+12U% =0. (12)
Balancing theterm " with theterm y 2 we obtain
N = 2 then

U)=a,+a,F+a F ' +a,F?+a ,F 2,

: (13)

F =vA+BF?+CF*.

Substituting Eq. (13) into Eq. (12) and comparing the
coefficientsof each power of g inbothsdes, toget an
over-determined system of nonlinear algebraic equa-
tionswithrespecttov, a,i=1, -1, -2, 2. Solv-
ing the over-determined system of nonlinear algebraic

1

Wl = Vl :Ul =
3(1+m2+412m2 +(1+m?)?)

equations by use of Mathematica, we obtain three
groupsof congtants:

2
a,l:a,lzo,aozw,azz—c,a,zz—A and
s (14)
v=18/B2+12AC,
— 2_
a_lza_lza_Z:O,aO:M,a2=—C,and
3 (15)
v=18/B?-3AC,
-B+VB?-3AC
a = _l:azzo,%:%,a_Z:—Aand
(16)

v=18/B?-3AC,
thesolutionsof Eq. (9) are:

—mzsnz(x+yi\/12m2+(1+m2)2t)

17)
—nsz(x+y:|:\/12m2+(1+m2)2t),
1 242 2 2,2
W, =V, =Uy = -m<“cd (x+yi\/12m +(1+m°)°t)
3(1+m?+12m2 + (1+ m?2)?)
_dcz(x+yi\/12m2+(1+m2)2t), (18)
W3 =Vg=Ug = 1
U suoom?eyJem?-1? - 12m?(1-m?))
+mzcn2(x+yix/(2m2—1)2—12m2(1—m2)t) (19)
—(1-m?)nc?(x+y £ (2m? —1)2 = 12m2(1-m?)t),
1 2 212 2
Wy=V,=U, = +dn (x+yix/(2—m )*=12(-1+m*=)t)
3(M2=2++(2-m?)? —12(-1+ m?)) 20
—(M2=1)nd2(x+y +/2-m?)? —12(-1+m?)t),
W5 = Vg =Ug = 1
T 3(1-05m2+0.75m* + (-1+ 05m?)?)
m? _1e05m2y? =3 4 \/_ 223" o @
) (sn(x+yi\/( 1+0.5m*) 6 t)+ics(x+y4/(—1+0.5m7) T )<,
1 2 2 2\2
We =Vg =Ug = —-Cs (X+yi\/12(l—m )+ (2-m*)°t)
3(—2+m2+\/12(1—m2)+(2—m2)2) 22)
—(1—m2)scz(x+yi\/12(1—m2)+(2—m2)2t),
W-=V-=U = 1
T T 3aoom? 4 J12m2m2 - 1)+ (1-2m?)?)
—ds2(x+yF12m2(m? = 1) + (1- 2m?)°t) (23)

+m2(1+m2)sd?(x+y £4/12m?(m2 = 1) + (1- 2m2)2)t),
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1
3(m? —0.5+40.75+ (0.5-m?)2)
—%(ns(m y£0.75+ (05-m?2)2t) + cs(x + y +1/0.75+ (0.5- m?)?))2

(24)
—%(ns(x+yi\/0.75+ (05-m?)2t) + cs(x +y +1/0.75+ (0.5-m?)?1)) 2,
Wg =Vg =Ug = L
3(J12(o.5 —0.5m?)(0.25-0.25m?) + (0.5+ 0.5m?)? — 0.5- 0.5m?)
— (05-05m?)(nc(x +y £ 12(0.5 - 0.5m?)(0.25 - 0.25m?) + (0.5 + 0.5m2)°1)
+ (X +y £4/12(05 - 0.5m2)(0.25 - 0.25m2) + (0.5 + 0.5m?)t))2 25)
—(0.25-0.25m?)(nc(x +y + le(o.s —0.5m?)(0.25-0.25m?) + (0.5+ 0.5m?)?t)
+so(x +y £4/12(05 - 0.5m2)(0.25 - 0.25m?2) + (0.5 + 0.5m?)21)) 2,
WlO = le = ulO = 1 Wll = Vll = ull = 1
3(1-0.5m2 +4/0.75m? + (0.5m2 — 1)2) 3(1-0.5m? +4/0.75m* + (0.5m? ~ 1)?)
—mTZ(ns(x+yJ_r\/O.75m2+(0.5mz—l)2t) —mTZ(sn(x+yi\/O.75m4+(0.5mz—1)2t)
T ds(x+y +4/0.75m? + (0.5m? - 1)2t))? 26) +icsz(x+yi\/0.75m4+(0.5m271)2t))2 2
—%(ns(x+yi\/0.75m2+(0.5m2—1)2t) —mT(sn(Xeri\/O.?Sm“+(0.5m271)2t)
+ds(x+y+4/0.75m2 + (05m? ~1)°1)) 2, ics(x+y+/0.75m% + (0.5m? —1)2t)) 2,

—ns2(x+y £4/(1+m?)2 = 3m2), (29)
—dc?(x+y+y(1+m?)? —3m?t), (29)

1
Wip =V =Upp =

3(1+m2++/(1+m?)2 —=3m?)
Wi =V =Uqq = L
13 — V13 — Y13 T

3(1+m?+4/(1+m?)?-3m?)

Wiy =V =Upy =

Wis = V5 = U5 =

1 1
3(1—2m2+\/(2mz—1)2+3|112(1—m2)) (30) 3(m2—2+\/(2—m2)2+3(m2—1)) 31)
_(1—m2)ncz(x+y:|:\/(2mz—1)2+3m2(1—m2)t), —(m2—1)nd2(x+y:|:\/(2—m2)2+3(m2—1)t),

Wi = Vig = Uss =v,, =
W17 =Vi7 = Uy

1
= _ 1

3(M? = 2+4/3(M2 = 1) +(2-m?)?) (3 a1 am? e amiim?) @_2m?)) (33
~(1-m?)sc?(x+y £3(m = 1) +(2-m?)°), #M2 (L m2)sd® (x+y £4/3m°(1-m?) + (1-2m))t),

1

Wig = Vig =Ug = 3
3(m2—0.5+\/(0.5—m2)2—)

16
_l(ns(x+ +\/mt)+cs(x+ +\/mt))_2 (34)
4 y= . 16 y= ’ 16 !

A Tndéan W
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1
Wig = Vig = Uy = > > " p

3(4/3(0.5m? - 0.5)(0.25 - 0.25m?) + (0.5+ 0.5m2)? — 0.5 0.5m?)

—(0.25-0.25m?)(nc(x+y + J:s(o.sm2 ~0.5)(0.25—-0.25m?) + (0.5+ 0.5m?)?t) (35)

+sC(X+ yi\/3(0.5m2 —0.5)(0.25-0.25m?)+ (0.5+ 0.5m?)%t))~2,

1

Woo = Vo = Uy =

2
3(1—0.5m2+\/(o.5m2—1)2—3:2S )
2 2 (36)
—%(ns(x+yi\/(0.5m2—l)2—3jr2_) t)+ds(x+yi\/(0.5m2—1)2—31l6t))‘2,
R 1
Wop =V =Up = am®
3(1—0.5m2+\/(0.5m2—1)2—£2)
2 (37

4 4
—mT(sn(x+yJ_r\/(0.5m2 _1)2 f’%m ics(x+y4_r\/(0.5m2 _1)2 —31l6t))-2,

! —m2sn?(x+yx4/(1+m?)? =3m?t), (39)

3(1+ m2+\/(1+m2)2—3m2)

! —mZcd?(x+y £+/(1+m?)?=3m?t), (39)

3(1+ m2+\/(1+m2)2—3m2)

Wop =V =Up =

Wog = Vo3 =Upz =

Wog = Vo5 = Ugs =
1 1
3(1-2m2 +,/(2m2 - 1) + 3m2(1-m?)) (40) 3(m? = 2+/(2-m?)? + 3(~1+m?)) (41)

Woq = Vpq = Uy =

+m2cn2(x+y:|:\/(2m2—1)2+3m2(1—m2)t),

Wog = Vg = Uy

+dn2(x+y £(2-m?)? + 3(=1+m)t),

Wy7 = Vo7 = Uy

_ 1 _ 1
3(—2+m2+\/3(m2—1)+(2—m2)2) (42) 3(1—2m2+x/3m2(1—m2)+(1—2m2)2) (43)
—cs2(x+y £y3(M2—1)+(2-m?)2t), —ds?(x+y F4/3m2(1-m?2) + (1- 2m?)?t),
1
Wog = Vg =Ugg = 3
2 242
3(m —0.5+\/(0.5—m ) _E)
-i(ns(x+ i‘/(OS—mz)z—it)+cs(x+ i‘/(o5-m2)2-3t))2 “
4 Y ' 16 y ' 167’
Woa = Vog =Ung = 1
wooEeTE 3(\/3(0.5m2—0.5)(0.25—0.25m2)+(O.5+0.5m2)2—0.5—0.5m2)
— (05— 05m?)(nc(x +y £3(0.5m2 — 0.5)(0.25—0.25m?) + (0.5+ 0.5m?)?t) (45)

+S0(x+Y £+/3(0.5m? — 0.5)(0.25— 0.25m2) + (0.5+ 0.5m?)1))?,
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1
W3p = Vgp = Uz = >
2 2,2 3M
3(1-05m? +1(-1+0.5m?)* - = )
2 2 2 (46)
—m—(ns(x+y:|:\/(—1+ o.5m2)2-3it)+ds(x+yi\/(-1+o.5m2)2-3lt))2.
4 16 16
Soliton solutions 1,
. ) ) . Wy S Vg S Uy = ——sin“(X+yxt), 56
Some solitary wave solutions can be obtained, if e =0)
themodulus m approachesto 1inEgs. (17)-(46 1
P @s. (10-(46) Wy =Vgyg =Uy = —g—tanz(x+y:|:t), (57)
W3y = Vg =Ugz =
1 1
15 tanh*(x+y £ 4t)—coth(x +y £ 41), G W =vp=up= S-c(x+yt), (58)
1
2_ L anh(x+y £ 2t)+icsch(x+y+ 11)2, (48)
9 4 4 4 W=V, =u _1 2
44 = Vg = Uy —E—CO'[
5 1 (60)
Wg3 = Vg3 SUgg = E—Z(coth(XerJ_rt)+c1<:ch(x+yit))2 (x+yt4t)—tan?(x+y £ 4t),
—i(coth(x+yit)+csch(x+yit))-2, (49) 4 1
4 Wy = Vg =Ugs = —5——
3 4
2 1 .
W3y = Vaq SUgy = 5*Z(tanh(x+yirt)+|csch(x+yirt))2 (CSC(XJFyJ_r%tHCot(x+yi%t))—z, (61)
—%(tanh(x+yirt)+icsch(x+yit))'2, (50)
1
1 Wy = Vg = Ugg :—g—cotz(x+yit), (62)
Wgs =V, =Up, = =—coth?(X+Y£t), (51)
9
Wy, =V, =Uy = _41
1 1 1 47 47 47 3 4
Wag = Vg = Uqg = g—z(coth(x+y4_rat) 1 1 (63)
. 52) (csc(x+y:|:zt)+cot(x+y:tzt))z,
+csch(x+y4_rEt))‘2,
Wyg = Vyg = Uyg =
11
Wg; =Vgy =Ugy = ——— E—l(csc(x+yilt)+cot(x+yirlt))2
3 4 3 4 2 2 64)
1., . 1. (53) 1 1 1.\y-2
(tanh(x+yi§t)+|csch(x+yJ_r§t))‘, —Z(csc(x+yi§t)+cot(x+yi§t)) :
Wgg = Vgg =Ugg = %—tanhz(x+y:|:t), (54) Wao :1\/49 “Ua T " ”
14—O.5(s>ec(x+yi\/;t)than(Xeri\/;t))2
- - _ 11 3( 3—0-5)
Wao =Vao =Uge = =7 - = (65)
(55) —0.25(sec(x+y + \Et) +tan(x+y+ \/;t))‘z.

(coth(x+y:t%t)+csch(x+y:|:%t))2.

Triangular periodic solutions

Sometrigonometricfunction solutionscan beobtained,

if themodulus m approachesto zeroin Egs. (17)-(46)

The modulus of solitary wave solutionsu,, u,,
u,, and u,, are displayed in figures 1, 2, 3 and 4
respectively, with valuesof parameterslistedintheir
captions.

Au Tudian Yournal
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TABLE 1: Relation between valuesof (A,B,C) and corre-
sponding E

A B C F(E)
2 L (9]
1 1-m m (¢ )ored($ )= an()
rm?> 2m?1 -m? en(¢)
m?-1 2’ 1 dn(¢)
1 Ol
e L L sn(<)
o= dni¢)
cn($)
2 on? e, -
-m om?1  1m (@)
2 2 n :L
1 2m m?-1 d(&) ()
) ) sn(g)
1 2m 1-m < (¢ )= )
, -m? sn(g)
1 2m?-1 o) sd(¢ )= an(2)
2 2 c :Cn(é/)
1m 2m 1 (¢ ) (o)
-m? 5 _an()
wm) 2m?-1 1 ds(¢ )= ()
1 1-2m 1
2 2 2 ns(¢ )+es(Q)
1-m* 1+m?* 1-m?
n 5 5 (& 1+sc(S)
1 m -2 m
2 5 vy (& )+ds ()
m> m’-2 :
vy 5 vy (¢ )+ics(¢)
5
:-:l-:||
1=f

Figurel: Themodulusof solitary wave solution u, (Eq. 17)
wherem=0.5

LN I o

e

199 ||
I 100
150 I|
190 !
200

1500

=
-
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G " :
Figure2: Themodulusof solitary wave solution u, (Eq. 18)
wherem=0.5

Figure3: Themodulusof solitary wavesolution u,, (Eq. 38)
wherem=0.5

Figure4: Themodulusof solitary wavesolutionu,, (Eq 40)
wherem=0.5

CONCLUSION

By introducing appropriate transformations and
using extended F-expans on method, wehavebeen able
toobtaininaunified way with thead of symbolic com-
putation system-mathematica, aseriesof solutionsin-
cluding singleand thecombined Jacobi dlipticfunction.
Also, extended F-expansion method is shown that
soliton solutions and triangul ar periodi ¢ solutionscan
be established asthelimits of Jacobi doubly periodic
wave solutions. When m — 1, the Jacobi functionsde-
generateto thehyperbolicfunctionsand giventhe solu-
tions by theextended hyperbolic functions methods.
When m — 0, the Jacobi functions degenerateto the
triangular functionsand given the sol utionsby extended
triangular functionsmethods.
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